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DEFORMING THE METRIC ON
COMPLETE RIEMANNIAN MANIFOLDS

WAN-XIONG SHI

1. Introduction

In his paper [3] R. S. Hamilton introduced the evolution equation
method which has proved to be very useful in the research of differential
geometrical problems.

Using the evolution equation to deform the metric on any n-dimensional
Riemannian manifold (A, g;;):

(1) %gij = —2Ryj,

where R;; is the Ricci curvature of M, the first important thing which we
have to consider is the short-time existence of the solution of the evolution
equation (1). In the case where M is a compact Riemannian manifold,
Hamilton in {3] proved that for any given initial data metric g;; on M
the evolution equation (1) always has a unique solution for a short time.
Therefore the short time existence problem of the evolution equation (1)
was solved completely in the case when M is compact.

In the case where M is a noncompact complete Riemannian manifold,
the short time existence problem of the evolution equation (1) is more
difficult than the same problem for the compact case. Actually one cannot
prove the short time existence of the evolution equation (1) for an arbi-
trary complete noncompact Riemannian manifold A; it is easy to find a
complete noncompact Riemannian manifold (M, g;;) on which the evolu-
tion equation (1) does not have any solution for an arbitrarily small time
interval. Therefore to get the short time existerce we have to make some
assumptions on the curvature of M.

For a Riemannian manifold M with metric

ds® = gj(x)dx"dx’ > 0,
we use {R;,} to denote the Riemannian curvature tensor of M and let
R;j =g Ry and R=g"R;=g"g" Ry
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to be the Ricci curvature and scalar curvature respectively, where (g) =
(gij)~ "

For any tensors such as {7} }, {Ujjii} defined on M, we have the
inner product

(Tijirs Uijer)y = 887 8% g T, jx1 Unpss
and the norm of {7}, } is defined as follows:
|\ Tsja? = {Tijrs Thjar)-
We use V7, to denote the covariant derivatives of the tensor { 7}, } with
respect to the metric ds?, V™ T}, all of the mth covariant derivatives of
{Tijii}, and inj(M) the injectivity radius of M.

Under these notations, the main theorem which we will prove in this
paper is the following:

Theorem 1.1. Let (M, g;j(x)) be an n-dimensional complete noncom-
pact Riemannian manifold with its Riemannian curvature tensor {R; ki)
satisfying
(2) |Riju> < ko onM,

where 0 < ky < +o00 is a constant. Then there exists a constant T(n, ko) > 0
depending only on n and kg such that the evolution equation

a
(3) Egij(x,t) = —2R,-,-(x,t) on M,
8ij(x,0) = gij(x) VxeM
has a smooth solution g;j(x,t) > 0 for a short time 0 < t < T(n, ky), and
satisfies the following estimates: For any integer m > Q, there exist constants

¢m > 0 depending only on n, m and ky such that
(4) sup |V Ryjui(x,0)> < Cu/t™,  0<t< T(n, ko).
xeM

In Theorem 1.1 if we consider the new metric
di? = gij(x,T)dx' dx’ >0

on the manifold M, then we get the following theorem immediately:
Theorem 1.2. Let (M, g;;(x)) be an n-dimensional complete noncom-
pact Riemannian manifold with its Riemannian curvature tensor {R; ki }
satisfying
IRijui(x)? < ko VxeM,
where 0 < kg < +00 is a constant. Then there exists another metric

ds? = g;j(x)dx' dx’ >0
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on M and constants ¢ > 0, &,, >0 (m=0,1,2,3,--) depending only on n
and ky such that

1 N
Egij(x) < &ij(x) < cgij(x) VxeM,

IV Riji(xX)> < ém Yx€M,m >0,

(3)

where V™R, denotes the mth covariant derivatives of the curvature tensor
{R;jki(x)} with respect to the metric d§?.
Proof of Theorem 1.2. Welet T = T(n,ky) and

gij(x)=gij(x,T) VxeM,

where g;;(x,t) is the solution of the evolution equation (3) in Theorem
1.1. Since T > 0 depends only on n and ky, from (4) we know that for
any integer m > 0 one has

(6) V™ Rijii(X)|? < Em(n ko) Vx €M,

where 0 < &,(n, ky) < +oo are constants depending only on # and k.
From the equation

(%gij(% t) = —2R;;(x,1), 0<t<T,

it follows that
2

1s]

) \5;&'1 < 4Ry <4 RyuP,  0<t<T.
Using (4) we have
(®) IR jxi)? < co, 0<t<T.
From (7) and (8) we get

5 2

lé‘t‘gij < 4n’cy, 0<t<T,
0 <2 0<t<T
a’gij < 2n+/cq, <t<T,

—2n./cogij < g_tgij < 2n\/cogij, 0<t<T.
This implies
(9) e 2Valgi(x,0) < gij(x,1) < e¥Vgi(x,0) VxeM,0<t<T.
Let t = T and ¢ = e2"V%T, From (9) we get

1
;g,-j(x) < &ij(x,T) < cgij(x);
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that is

1 N
(10) Egij(x) < &ij(x) < cgij(x),

which together with (6) shows that (5) is true; thus we have completed the
proof of Theorem 1.2.

In the remainder of this paper we will prove Theorem 1.1.

The author would like to express his gratitude to Professors R. S. Hamil-
ton and S. T. Yau for many inspirational remarks and encouragement.

2. Modified equation and zero order estimates

In the remainder of the paper we will assume that M is an n-dimensional
complete noncompact Riemannian manifold with metric

(1) ds? = gi;(x)dx"dx’/ > 0,
and that its Riemannian curvature tensor {Ri jk,} satisfies
(2) \Rijul* < ko on M.

Fix a point xo € M and let B(xp,y) be the geodesic ball of radius y
centered at xo. For any integer £ > 0, let

(3) Df:B(XOa’{)'
Then we get a family of open subsets {D,} such that
Dy C Dy,
D, is a compact subset of M,
(4) oo
M =] Dy,
k=1

where D, = D, U 9D, denotes the closure of D, on M.
To obtain a solution of the evolution equation
o . . . N
(5) 57800 0) = =2Ri;(x, 1), &ij(x,0) = &;(x)
for a short time 0 < ¢t < T, we try to solve the Dirichlet boundary problem
2 gulf.x, 0= 2Ry (£,x,0,  x€D,,
(6) glj(’g:xao)zglj(x): XED/a
g,-j(,f,x,t)zg,j(x), XEBD/, OSZS T,
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for each open set D,, and then we let £ — +oco. If the limit metric
&ij(x,t) =limy_,, o &i;(#,x,t) exists, we get a solution of (5) for a short
time0<t<T. v ‘

The Dirichlet boundary problem (6) may not have any solutions because
the evolution equation (6) is not a strictly parabolic system, and is only a
weak parabolic system. For the proof of weak parabolicity of (6), one can
see R. S. Hamilton [3].

Therefore, instead of considering the weak parabolic system (5) we con-
sider a modified evolution equation which is strictly parabolic so that we
can get a solution of it for at least a short time by solving the correspond-
ing Dirichlet boundary problems. The solution of system (5) then comes
from the solution of the modified equation.

Suppose the metrics

(7 ds? = gij(x,0)dx'dx) >0, 0<t<T,

are the solution of (S) for 0 <t < T,and po M - M (0<t<T)isa
family of diffeomorphisms of M. Let

(8) dst =9/ dS,, 0<t<T,

be the pull-back metrics. Then we want to find the evolution equation for
the metrics ds?.
For any coordinate system x = {x!,x2,---,x"} on M, let

(9) dst =g, (x,t)dx"dx’ >0,

10 y(x0 =) = (¥ (002000, 0 )
Then by (7), (8) and (9) we have

ayrx ayﬂ

(11) gij(X,t) 0x, axj

gaﬂ(y’ )

and by the assumption g,z(x,?) satisfies the following equations:

9 . .
(12) Egaﬂ(x,t) = —2Raﬂ(X, [)’ 0<t< T,

8op(x,0) = &op(x).

Weuse R;j, R;j, R;j; T, I"’,‘j, I, ¥, ¥, V to denote the Ricci curvature, the

Christoffel symbols, and the covariant derivatives with respect to g;;, &,
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&ij, respectively. Then from (11) it follows that

Foj 8 [oyx oy’
578Ut =5 {6x' o) gap(y,t)}
8y*ayf o a8 [8y*\ayf
13 =X oY 9 <
(13) 5% 57 9iles V) + 3x,( 57 2es (1)

ay* 8 (9yF\,
+ axl axj( at )gaﬁ(y5t)-

Using (12) we have

ad . _ A agaﬂ ay}'
(14) 57880 1) = —2Rap(y, ) + 507 0

and therefore

ay” 8yﬂ
X Dl wp (Vs )
20000 0 007 0 (027
Oxi xi By? Ot = 8xt Ox/

0
atg,,(x )= —2—

(15) gaﬂ(y> )

ay* 3 {9y
<t<T.
3 axj( 57 )gaﬂ(y, n, 0<t<T
It is easy to see that
dy® 9y#
(16) -le(x t) ax‘ aijaﬂ(y, )'
If we choose a coordinate system {x‘} such that at one point
(17) r¥ =0,
then
: 08ij
18 =Y =
(18) axk
From (11) we have
. dxk 8x!
(19) 8ap = aya ayﬂgkh
and therefore
oy? axk

X
Bxfg"ﬂ(y’ ) ngk>

(20) (x B e’ k
o) 8y ay (,1) = _6_ ay . ox"
dxi oxJ 5x bes 021 = axi\ ot ) oy~ 8jk>
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which together with (18) implies
(21)

8 (dy*\ayf _ 8 foymoxk N _ayr 8 [oxk\
W( a1 )axf &apn, ) = 55 ( 8t ayak | T Bt axi\aya ) &k
For the same reasoning we get
(22)

ay* 8 (9yF\ _ 8 [(ayfaxk 8y* 8 Bx") ‘
axiéﬁ(—&_)g“”(y’”‘ ax) ( a1 ayB 5% ) T ot axi\ays ) &

From (19) we have
oy 8yﬂ6y738aﬁ ay” 6y/’8y7 a (6x" Bx’g )
ki

dx' 8x/ 8t dyr  Oxidx) 9t 9y? \8y= 9yh
Since
23 o 0
(23) 7 8kl =

by (18), the above equation becomes
By~ 0yB oy’ 0%ap _ Oy 0yE Oy’ 8 axk ax!
Bxi 0x) 01 By bxi ox ot SKgyr \ Gy= oyF
6y“ 6yy a (dx
(24) ~ 9xi a1 ay? (6y“)gjk
?lf?lfi(?L) .
ax) 91 ay? \ayF ) Sk
Substituting (16), (21), (22), and (24) into (15) gives

b3} dy* 9y’ & [dxk
atg”(x t)= —2R;j(x,t) + 8x"—875y_7<8y“ k

oy* ay” d (6)(")
8ik

axJ at 6y/ 537
(25)
ay* 8 [oxk oy 8 [oxk
-G (5 )~ S o 5y
B_(QY_“_‘”" .)+i(3_ﬁ%f )
U TAT, By“g”‘ dx/ \ ot ayﬁg’k )
On the other hand,
(26)
ay* 8 [oxk _0y* axxk oy ay* 9ixk ay?
—Wﬂ_l(W) k= T 81 8yraye oxi Sk T T axi gyraye ar Sk
or

oyr oy 9 (9x*\ oy b (oxF) o
dxi 9t ayr \ 9ye Eik = 57 axi aye Bk =
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We also have

ayf ay? o oyF 8 faxkN
(27) dx/ ot 6y/< ) ST 8x1<6y/’ g = 0.
Combining (25), (26), and (27) we get
(28)

8 (dy*dx* 9 (9yF axk
Egl_l(xat) —2R;j(x,t) + % (W—ngk> +8_x7( Y Byﬂglk .

Since F’l’.‘j =0, from (28) one has

d dy® dxk dy* dxk
(29) ggilrt) = <2y ) + Ve (g ) + 9, (S ).

If we define y(x, ) = ¢;(x) by the equations

oy® _ 9y kT o
(30) 5 =g e’ (T, -T5,), 0=
then (30) is a quasilinear first order system:
ay* 9y 4o 1 e - .
G1) B = oxr® 8" 3 (Vas +Vigi = Vigs),
¥(x,0) = x*.

From (29) we get

0 . .

(32) 5780(%: 1) = = 2Rij(x, 1) + Vilg; g’ (T, — T§,)]
+ Vlguwg? (Tf, — T§,)1.

Since y*(x,0) = x*, from (11) it follows that

(33) 8ij(x,0) = £(x,0) = &;(x).
If we define a tensor
(34) V; = gikgﬂy(rl;?y - ﬁ,;;;):

then using (32) and (33) we get the evolution equation for the pull-back

metric gi;(x, ):
o
(35) atg,,(x t) = -2R;j(x,) + V;V; + V¥,
8ij(x,0) = &;(x).
System (35) is the modified evolution equation. In this paper we con-
sider system (35) instead of the original evolution equation (5) because
(35) is a strictly parabolic system, while (5) is only a weak parabolic sys-
tem.
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Lemma 2.1. The modified evolution equation (35) is a strictly parabolic
system. Actually we have

gtgtj = aﬂﬁaﬁﬂgij - gaﬂgipgqujaqﬂ - gaﬂgjpgquiaqﬂ
+ %gaﬂg”q (Vigpa " Vigap +2Va8ip - Va&ip — 2Vagip - Vs&iq
~ 2V8pa "V p&ig ~ 2Vi8pe - Vp&ja) -
Proof. By the definition of the Christoffel symbols and the Riemannian
curvature tensor we have
Rijur = &Ry,

0 8 X k T
RU] 8)6’ _11 rzl + rlprfjil r 11’
[ dg; Og dgi;
k _ 1 kI il Jj__Ysij ).
Ti=3 (Bxf T oxt T ax!

(36)

R d%gji + o%gy g . 0ga
ikt = 2 Oxiox!  9xidx* Oxioxk Oxiox!
+Lore <f9gpk 08iq , 08k 081y 08k 081
4 Oxi 9x!  Ox/ Ox' OxJ Ox4
_ 08k 08jq 98k 0814 | 98k 081
ox’ 9x!  8x! 8x/  Ox! Ox¢?
(37) 08 08jg , 08k 084 08k 08ji
Oxp dx!  OxP Ox/ OxP x4
_ 08y 08jq O8ip9gy 08 98
Oxk ax!  Oxk Ox/ = 8xP Ox4
_ 08k 08iq  0gix 08y , 9&ik 08u
Oxr 9x! 8xP Ox' Ox? Ox4
08jp08iqg , 08jp 0814 9&jp 3&'1)
Oxk ax!  9xk Ox' Oxk ax1)’

+

We still have

(38) I}, -1, = 1gP(Vign + Vigo — Vp&ur)-
By definition, V; = g;;g*/(I}, - T7,), so
(39) Vi= %gkl (V& +Vigik — Vigu) -

Since V, g;; = 0 and V, g/ = 0, from (39) we have
ViVi+ ViV =Lk (V,Vigu+V;Vigu — V;Vigu

(40)
+ViVigit +ViVigik — ViV gu) -
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If we choose a coordinate system {x’} such that at one point

(41) I =0,
then from (38) it follows that
(42) It =1 (Vigy +V,gu—V,8).

By the definition of covariant derivative, we have

(43) V,Vigi = 8—?67%&'1 —I Vygu —~T5Vigp — 7 Vigip
= V;Vi&u =T Vo git — T,V 8o ~ T Vi gip-

Substituting (42) into (43) yields
1MV ;Vgu = 1"V Vigu
+3eM e (Vg0 Vg — Vg Vigu — Vogi - Vigig

+ vkgpl : 6qgij - 6qui V& — ﬁkgpl : vigjq

+Vi8ip Ve = Vigin Vg~ Vi&in - Vi8ig).
Substituting (44) and the similar formulas into (40), we get

(45)
V,’V}'+VJ'V;'

(44)

= %gk[ (ViVigi+ViVigu —V;Vigu
+vivkgjl + 6:Vlgjk - vzngkl)

+ %gk[gpq (Vogii-Vagik — Vo8 V8 — V& - V&
+ 6kgp/ : Y~7qu'j - ﬁqui : vkgp/ - ﬁkgpl : V‘gqj
+ 6kgip 'vqgj/ - vkgip 'ﬁqu/ - vkgip '@/gqj
+ 6pgj/ Ve8ik — 6pgj/ : 6iqu - vpgj/ Vi 8qi
+ V& Va8ij — V& - Vi8ej — Vi&pr - V&ai
+ Vi&ip Va8t — Vi&ip Vi&y — Vi&ip - Vigsi)

+ %gk[gpq (Vogii Vg + Vo - Vigs — Vo - Vq&ij
+ vquk : vfgp/ + vigpl '?kgqj - vigp/ : vqgkj

+Vi8ok - V8 + Vigok - Vi&e) — Vigpk - V&
+V8ki - Vigei+ Vo8- Vi&si— Vo8- Vq&ij
+ viqu : ngpz + vjgp/ ’ vkgqi - ngpl ‘ vqgkf
+V 8k - Vigy + V8k - Vi8ei — YV, 8pk - Va&ir) -
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Since R;; = gk'Ryj; and T¥; = 0 at one point, from (37) it follows that
(46)

—2R,~j=gk1< 9%gi; + g Og gy )

Axkox!  Oxi9x/ Bxiox! Oxkoxi

1 . N . . ) X
+ zg"’g” (V& Va8t — Vigoi-Vigei — Vi Vigy
+v,>gpj

6lqu + vlgp_/ vkgql vigpj vqgkl
+ vpgu ngkl vpgij vlqu - vpgu vkgql
+ nglp vlqu + ngzp vkgql - ngip : vqgkl

+Vo&ik  Vigyi + Vpgix - Vigy — Vp&ik - Va&il
+V 8k - Va8it = Vi8pk *V184i = Vi&pk - Vi&yl) -

42

By definition,
N a
Vigij = agl; rp/gpj r?[&‘ﬂ'

But since fffj =0, we have

R 0 - 3] g » ~
ViVigij = 7—Vi8&j= 5= (—gi — 1% 8pj - rf,é’m)
algu o o

ij F g,p(9 krjl’

T oxkax! Sk i
and therefore the following formula:

K _0°85 _ ue ¢ ko O o ki, 9 tv
(47) 8 SkaxnT =& ViVigiit 8 8y gl + 8 syl

dxkox! "
Similarly,
82g .. 0 7]
kil ki _ ke & !
axio0 8 V'Vfg“*a Ty * g
9%g; 5 & 9 ¢
(48) gkfgx—,.(;—jc,=gk1v;v1g,-k+ o 5Lt 8 8 T
d%g; 5 & 9
! I _ ki . k
& g = 8 TeTitu+ 5l &g T

From (47) and (48) it follows that

k/( 928 9% 8u g dgy )
0

xkax! = Ox0xi Ox'9x!  OxkOoxJ
= gkl (vkﬁlgij + @:ngkl - v:Vzgﬂ\ - ijgi/)

) ) ) |
+ g gjpa ,\F - g gJPa ,ru dx'r"f Ak

(49)
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Since I'¥, = 0, we have

9 - 0 N o
dxk (e axi oL = Riy = & Ruagr,
0 9 - -
(50) 8 85 710 — 8" 81 Tk = 8"'8p 8 Ruigl,
4 - 0 s .
(51) Wl"’,ﬁj x kl"" tkj = gkIRij, = -Rij.

Combining (49), (50), and (51) we get
gkl ( 9%gij 8% g g gy )

oxkax! = dxidxi 9xigx! Oxkdax/
= gkl (vk%gu + 6zngkz - ﬁivlgjk - ﬁkﬁjgil)
+ g 8;p 8" Rixig — Rij.
Substituting (52) into (46) gives
—2R;j=g" (ViV18ii +ViVigk — ViVigi — ViV;g&i)
— 8 8jp 87 Rig — Rij

(52)

+ %g g™ (vkgjp V8 — ngjp vlng - ngjp zgql
(53) +V.:8ip Vi8a +Vigip  Vi8y — Vi&ip - V8ii
+ vpgij V8= Vp8ij- %qu —Vr8ij V&
+ Vg Vigu + V;i&ip V& — V& Ve8ui
+ V& Vigyi + vpgjk Vigq - vpé.’jk Va8
+V, 8ok - Va8il = Vi&ok - Vi8gi — Vi8pk - Vigyl) -

Substituting (45) and (53) into (35), simplifying and collecting the terms
of the same type, and using the following formula to switch the second
covariant derivatives:

(54) v v 8kl v vlgkl + gquijkpgql + gquijlpqu~
Finally,

9 L o -
5180 = &X'V 81 — g¥ 8ip 87T Rk g1 — 85 81p 877 Rirys

1 N - .. . o o
(55) + Eg"’ 879 (Vigpk - V& +2Vi&ip - Va8 —2Vi&ip - Vig&iq
2V ;8 V18ig — 2Vigpk - Vi&jq) -

Hence we have completed the proof of the lemma.
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From Lemma 2.1 we know that the modified evolution equation (35)
is a strictly parabolic system, therefore we can consider the corresponding
Dirichlet boundary problem in any domain D C M.

Suppose D C M is a domain with boundary 8D a compact C*® (n — 1)-
dimensional submanifold of M, and assume that the closure D = DU8D
is a compact subset of M. We will solve the following Dirichlet boundary
problem:

a
ag[j(x,t)=—2R,~,~(x,t)+V,~V}+V,~V}, xeD,

gij(x,0) = g;(x), xeD,
gij(x,t)=gj(x), x€d8D,0<t<T.

(56)

In this section we want to establish the zero order estimates for the
solution of (56). The existence theorem for the solution of (56) will be
proved in the next section.

First, we have the following lemma.

Lemma 2.2. Suppose g;i(x,t) > 0 is a solution of (56), and m > 0 is
an integer, and define

P(x,1) = 8 84,0, 8" 88,0, 8P B s - 87 B>
xeD,  0<t<T.

Then

(57 ?9_(/; < 8V Vo + 2mnkop' V", xeD,
(58) ¢(x,0)=n, X€D,

(59) p(x,t) = n, xe€dD, 0<t<T.

Proof. Using the initial and boundary value conditions in (56) we get
(58) and (59) immediately. From Lemma 2.1 it follows that

o ij_ ik i1 O
= —gPg* eV, Vg + 8P 8% 87 81,87 Ringp
0 v [ j 509 B 1 o j j
(60) + 88" 8/ 8y 8" Reagp + 587 878" &'
: (2v(rgpl . vﬂqu + 2v1gpu ' v,ngk + 2‘~7kgpu . ﬁ,ngl
_2ﬁngpl : 6qgﬁk - vkgpn : V~7[gq,l?) .
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Since g g;, = d}, we have
Vi(g?g)p) =0,
8irVp8"” +87Vyg; =0,
(61)  Vpg" =—-g"g"V gy,
VaVpg" = —8"8'VaV 58y — Val(8”8) -V 8pqs
8PVaVpg = —gb g% g/ NV gk — 87 Va(8787) - V s 8pa-
Substituting (61) into (60) yields

g;g” =gV, Vgg" + g*f g% g/ g1, 87 Ryngp
+ 8P g% 878,187 Rigp + 8F 87V 087 - V5 204
+ 8 g/9V,8"V 5 8oy + %g"ﬂgmg”‘g”
(2Va8pr - V8ak +2V18pa Vi &ak + 2Vk&ra - V584l
=2V 8 V48sk — Vi8pa - Vigep) -

If we choose a coordinate system {x’} such that at one point

L0 o0
(63) (&)= . . (&)= . ;
0o - o -
1 An
then
/1—[
y [,1‘1 0
(64) gh=| 2 .
0 .
At
From (61) it follows that
~ 1 ~
(65) Vﬁg’f = —mVﬁg[j.
Substituting (63), (64), and (65) into (62), we get
0 b _ oS S oif 1 >3 _1_~.,
a[g =8 Vuv-ﬁg ) + leqjq + /’lequqtq
2 ~ ~ 1
- '_—’—'__V(zg' . V(xgi e B
(66) AndgAidy 5 1T 202,

. (2§kgqj ‘ ‘~7kgiq + 2§quk : %kgiq + 26:’qu . 6kgjq
~2V4 8 Va&ik = Vi&ek - V&k)-
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By the definition of ¢(x, t) we have
(67) o =3 (1) >0
k=1

thus

Using (66) we find

F) I\ o~ . 2m o
99 —m (-) gV, V 58" + 2 Rigig

ot \ 4 FIR
m o m
- Voo Vg M
P A LM LA YL PPN
(68) : (6[qu Vi&ak +2Vigig Vg ~ 4Vigu - ﬁkgiq) )
3(0 _ 1 m=1 aﬂ~ - ii 2m N
5? =m (Z) 4 Vavﬂg + mquzq
m ~ ~ ~ 2
T oA A AT (ngiq + V8 — Viqu) .
arich
From (67) it follows that

(69)
aBS 1 el afi T T ii af ij
g8V, Vgp=m i 8V, Vg + mgtv,g

!

e [(D)7 ()7 (1) ()7

Substituting (69) into (68) and using (65) we have

29 S S 2m 3
_6_1— 8 Vuvﬂ¢+ﬂ.;"ﬂ.quqlq
oI (LY L (Y Ly
Ao Ai Aj A Aj
(70)
NIV s
++(l—,> (};) (Vagij)
D (Vigig + Vagi — Viga)
- i ik — ViSqgk) »
QA QKo T A ‘
thus
dp & = 2m ~
Zr & gub TR
(71) 31 >~ g V(yVﬂ¢+ }';n}'q.qulq
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By assumption (2), lﬁiqiql < v/kg, and, in consequence of (67) and (71),

oe _ .
5 <&”%, V,;(p+2m\/k—o(zl )

g=1

It is easy to see that
Z 1.
po Ag

so that
(? < g9V, V50 + 2mn/kop 1,

which completes the proof of Lemma 2.2.

Lemma 2.3. Suppose g;j(x,t) > 0 is a solution of (56). Then for any
é > 0, we have

8ij(x,1) = (1= 8)§i(x),
where x € D, 0 < t < (1/(2v/ko))(3) V™1 — (1)V™], m > 0 is an integer,
and
log2n : log2n

72) Tog(1/(1=8)) =" < Tlog(1/(1 - 8)

Proof. Choose an integer m > 0 which satisfies (72), and let ¢(x,1)
be the function deﬁned in Lemma 2.2. Since D C M is compact, we can
define

(73) p(t) = max g(x,1).
x€D

+ 1.

Using the maximal principle on D, from (57), (58), (59), and (73) we get

(74) dz < 2mnv/kop(0)'H1/m, 9(0) = n.
Thus we have
n
75 1) <
(75) ¢()‘[1-2n1+1/m\/1gt1m’
(76) o(x,1) < " vx eD.

= 2n1+]/’"\/k—ot]’"

ngsﬁ(%yﬂ/m[l—(%)”m},

p(x,t)<2n vxeD,

If

then from (76),
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that is, 3 ;_,(1/A¢)™ < 2n.

Since 0 < (1/4,)" < 2nVk, 4, > (1/2n)V/™ k=1,2,---,n. From (63)
it follows that

1/m _
8ij(x,t) > (ﬂ) gij(x) VxeD.

By (72) we have (1/2n)!/™ > 1 — 6, and therefore
(77) gij(x,t) > (1-0)8ij(x) YxeD

if
Ogtsﬁ(%)&vm [1_(%)1/”1].

In Lemma 2.3 we obtained the lower bound of g;;(x,?); now we want
to estimate the upper bound of g;;(x, ?).

Using the notation of (63), from Lemma 2.1 we get
~ I ~

) . 1
580 =8 AV 8 — ijuia - lljllaRiaja

78 1 = = = & e =
(78) + e (Vigkg V&g +2Vigig - Va&ik —2Vi &g Vi &ig
i

~2V,8kq - Vi&ig — 2Vigkg - Vi&a)-
Supposing ¢ > 0 is a constant and m > 0 is an integer, we define a function

1
1-[1/(n+e)AP+ A8+ -+ A7)

(79) F(x,t)=

Then from (56) we know that

(80) F(x,0)=(n+¢)/e, x e D,

(81) F(x,t)=(n+e)/e, xe€edD, 0<t<T.
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By definition we have

lm 1 8
ot T n+e ) n+e oo
nll}'lm_l afs o
( ) n+e -8 vavﬂgu'
(82) =2 amet
+|1- A,’;’ Rl
n+e¢ P n+¢

ﬁiaza 2/1 /1 (V 8qk - zqu + 2vkng : vqgik

.[_

For any § > 0, from Lemma 2.3 we know that there exists a constant
T(d,n,ky) > 0 depending only on J, 1, and ko such that

ila

— 2V, 80 Vg — ‘ﬁz‘qu AR

(83) gij(x,t) > (1-6)g;(x), 0<Lt<T(d,n,kp).
Thus
(84) Ap>1-6, k=1,2,---,n, 0<t<T(d,n,kp).

Furthermore if 0 < ¢ < T(d, n, ko) and F(x,?) < +oco, then
n

(85) A>1-6, 1-

Ag > 0.
n+e

Using (85) and the fact |ﬁ[aia] < \/E we get

mA! 2 =
P _lilaRmm—i_ 2/1 /1 ( i8qk vquk +2vkng'vqgik 7

(86) ~ 2V & - Vi&ei — 4V 80k - Vi &er)
m ) o~ ~
< a=3y (ﬂ Vko + 4V, g 'ngij) .
Substituting (86) into (82) yields

(87)
OF 1 <& T e
OF [, _ S| A 89,9,
at — (1 n+£k_llk) nte 8 B8
mF
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On the other hand,

: -2
~ o~ 1 n /1'."_‘
gV, F = (1 - /1'") L gabG g

n+e i k n+e
L, 2wt
+ 1_n+£ /lk 'W—'g Va8ii- Vpgjj
k=

+< n+£Z) 8°Va8ij Vg
. m
n+eé&

A2+ A7 4+ AT,

Since

=3 omrgmetym=t L
) o 87 Vagii - Vg5 2 0,

(n+¢)?

1
(1_n+£k§_:lik

one has

-2
=~ = 1 < mAn~1 ~ o~
gV, VpF > (1 - /11'(") " -IH: - 8%V, Vi

-2
R ~ ~
+ (1 - /17(") -8°PVagij - Vpgij
k=

n+ e~
m 2, -2
AR A YRS )
Substituting this into (87) gives
oF ~ = mF? ~ ~
T 8PV VF + m(n2\/k_o+ 4V 8ij - Vi&ij)
mF? - _
(88) — s A7 AT 4 AT
1 ~ ~
‘kagij -Vi&ij,  0<t<T(d,n, k).
From (85) we have 1 — § < A, < (n +€)!/™; thus from (88) we get
oF = = mF? = =
T 8PV VyF + '(1—_—3)—3(”2\/-kz+ 4V &ij - Vi&ij)
(89) 1 t+1/m e -
—m(m—l)(n+8> (1-8)""2Vygij - Vigij - F2,

0<t< T, n k).
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Lemma 2.4. Suppose gij(x,t) > 0 is a solution of (56). Then for any
8 > 0 there exists a constant c¢(8,n, ko) > 0 depending only on 0, n, and ky
such that

gij(x,1) < (14 6)8;(x), xeD, 0<t<c(0,n,kp).

Proof. 1n (79) we let ¢ = n, and m be an integer such that

log2n log2n
2 2
(90) 20n +log(1+0) §m<10g(1+6)+20n +1.
Then
(91) @2n)l/m <1+,
1\2_ 9
92 m-1)(5) 23
thus we can find a constant > 0 depending only on m such that
1\? 4
(93) m-1(55) 2 g
so that
I+1/m 4
(m-1) (2 ) 2 T =8y
_ — )2 >
(94) 1) (2 ) 2 T=op
From (89) we have
OF mn?\/kq 72

< gV VF + — Y2
51 = ¢ et M6

1+1/m
+ ((_1?:’?:5_)3 ~m(m—1) (%) (1~ 5)'"-2) F?

Vi&ij - Vigijs 0<t<T(,n,ky),
which can be reduced to, in consequence of (94),

oOF k
il AV, ___0
%) B <&TVeVeF gy

Since from (80) and (81) we have

(96) F(x,00=2, xeD, F{x,t)=2, xe€dD,

F2?, 0<t< TS, nkp).
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using the maximal principle, from (95) and (96) it follows that

—1
(97) F(x,t)gz[1—’("1Li‘5/—;‘—§t} . 0<t< T(S,n, k).

If we let

(98) 0 <f< min [T(é, n, ko), 5(1;25)\/;:] ,
mn 0

then we know that F(x,t) < 4 by (97), and that

n

(99) > A7 < 2n,
k=1

by (79). From (91) and (99) it follows that
(100) M@ <140, k=12 ,n,
Thus if we define

. 1 -6)3
c(@,n,ky) =min | T(3,n, k ,(————— ,
( 0) ( ( 0) 2mn2\/E)
then
8ij(x,t) < (1+8)8;(x), xeD,0<t<c(6,n k).

A combination of Lemmas 2.3 and 2.4 gives readily

Theorem 2.5. Suppose g;;j(x,t) > 0 is a solution of (56). Then for any
0 > 0 there exists a constant T (8, n, kg) > 0 depending only on 8, n, and ko
such that

(1 -0)8i;(x) < gij(x, 1) < (1+0)8i(x), xeD, 0<t<T(,n,ky).

3. Solving the Dirichlet boundary problem

As in the previous section, we assume that D C M is a domain with
boundary 8D a compact C*°, (n — 1)-dimensional submanifold (not nec-
essarily connected) of M, and its closure D is a compact subset of M.

In this section we want to prove the existence theorem for the solution
of the following Dirichlet boundary problem:

03]

Eg,—,(x,t):—2R,-j(x,t)+V,-Vj+VjV,-,. xe>bD,
() 8ij(x,0) = gij(x), xebD; ;

gij(x,t)=g;(x), x€8D,0<t<T.
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If we define a new tensor
(2) hij(x, t) = gij(x,t) — 8ij(x),
then from (1) and Lemma 2.1 we get

o ~ o~

5?]11]' = gaﬁvavﬂh,j + A,‘j, xeD,
(3) hij(x,00=0, xeD,

hij(x,t)EO, xedD, 0<t<T,
where we use the property %g,- i(x) =0 and

Aij = — 8 8ip8" Rjagp — 87 8jp 8" Riagp
(4) + %g"ﬁg”(%,-hpa . 61'}14[; + 2§~7ahj,, . eqhiﬂ - Zeahj,, . %gh,'q
\ — 2V ihpe - Vghig — 2V ihpe - Vghyy).
If $8(x) < gij(x,t) < 2§;;(x), from (4) it follows that
(=8nv/ko — 20[Vahg, ") £ij(x) < Aij(x,1)
< (8nvko + 20|Vahgyl?) &ij(X).

Lemma 3.1. There exists a constant 6 = §(n, ky) > O depending only
on n and ky such that if g;j(x,t) > 0 is a smooth solution of (1) and

(6) (1=0)&;(x) < g;j(x,t) < (1 +3)&i;(x)

holds for all (x,t) € D x [0, T], then for any integer m > 0, there exist
constants Cpy(n, 89, ko, T, &, D) > 0 depending only on n, 6y, ko, T, &, and
D such that

(7) [V gi1(x, 1))> < cm(n, 80, ko, T &1, D)

Jor all (x,t) € D x [0, T}, where 6y = inf _5inj(x) > 0 is the lower bound
of inj(x) on D.
Proof. From (2) and (6) it follows that

(5)

(8) —08ij(x) < hij(x,t) < 08ij(x).
If we let
(9) Hij(x’t) = %h[j(X, t)’

then by (3) we have

o o~ o~
a_tI'Iij = g*fV ,V4H;; + Bjj, xeD, 0<5t<T,

(10) Hij(x,00=0, xeD,
Hij(x,t)=0, xe€dD, 0<t<T,
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where B;; = +4;;. From (5), (8), (6) we get, respectively,

- (&1‘5—‘\/](_0 + 205|%uHﬂyI2) &ij(x) £ Bjj(x,1)

(1)

< (g’%/—k_‘) + 205|6C,Hﬂy|2) g(x), (x,neDx]0,T),
(1) gy <Hy(0< &, (oHeDx0.T)
(13 T3 (0) < 8705, 0) < T8 ().

Furthermore, we still have
Vgt = —g* ghlV,gy
= —g* gl by = —g** gf' - 6V Hy.
Thus

(14) IVigfP2 < 2IViHy|* on D x[0,T].

52
(1-9)
Using (10)—(14) and exactly the same arguments as in the proof of The-
orem 6.1 in [4, §6, Chapter VII], we know that if § > 0 is small enough
compared to n and kg, then we can find a constant ¢ (#, 6o, ko, &ij, D),
0 < & < +oo, such that

(15) max  |VH;(x, 1) < &(n, 80, ko, &, D).
(x,))eDx{0,T]

Since 5 N N :
Vi 8ij = Vihij =0V Hyj,
we get ‘

(16) max  |Vgi;(x,0)[ < ci(n, 80, ko, &ij, D).
(x,6)eDx[0,T]

Using (10)-(15) and the same arguments as in [4, Chapter IV, §§5-9], we
know that for any integer m > 2 we have

(17) max V7 H;;(x,8)[2 < én(n, 6o, ko, T, 2ij, D).
(x,0)€EDX%[0,T]

But Y~7”’g,-j = 56'"1—1,7, so we get

(18) max  |V"g;(x, 0 < cm(n, 00, ko, T, &ij» D),
(x.HeDx{0.T]

which completes the proof of the lemma.
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As soon as we established the prior estimates in (7), using Theorem 2.5
and the same arguments as in the proof of Theorem 7.1 in [4, §7, Chapter
VII], we have the following existence theorem.

Theorem 3.2. There exists a constant T(n, ko) > 0 depending only on n
and ky such that the Dirichlet boundary problem (1) has a unigue smooth
solution g;j(x,t) >00on0 <t < T(n, k).

4. Local estimates and convergence

In the last section we get a solution g;;(x,¢) > 0 on the domain D C M
by solving the Dirichlet boundary problem. To get a solution g;;(x, ) > 0
on the whole manifold M by letting 8D go to infinity on A we need to
estimate g;;(x,t) locally; that means to control the derivatives of g;;(x, t)
only in terms of &;;(x) and independent of D.

Fix a point xo € M and let B(xp,y) be the geodesic ball of radius y
centered at x, with respect to the metric g;;. Then we have the following
lemma.

Lemmad4.1. Suppose0 < y,8, T < +oo are some constants, and g;j(x,t)
> 0 is a solution of the following equation:

a
Eg,-j(x, t) = —2R,'_,'(x,t) + ViVj + VjV,-

1) for (x,1) € B(x0,7 +8) x [0, T,
g,-j(x,O) = g,'j(X), X € B(XQ,V + 5)

We also assume that on B(xg,y + ) x [0, T| we have

1 . 1 x
(2) (1 - W) 8ij(x) < &j(x,0) < (1 + W) &ij(x).

Then there exists c(n,y,96, T, &;;) > 0 depending only on n,y,d, T, and §;
such that '
3) IVgij(x, )] < c(n, 7,6, T, &)

Jor all (x,t) € B(xo,y+3/2) x[0,T).
Proof. Differentiating the equation in Lemma 2.1, we get
%%j = gV, V;(Vg;) +Rmx g~ '+ Vg + g7« g« VRm
@ +Rmxg ' vg g+ Vg +g7 g7 Vg Vg

+8 ' vg g+ Vg Vg Vg,
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where we have used g, g~/ i" g and * to denote respectively the tensor:
&ij» the tensor g¥/, the tensor V¥g;;, and the tensor product. From (4) it
follows that
(5) 5
571V8il = 8VaVp|Vgyl? - 280 V(Veiy) - Vp(Vay)
L4 gxVgxVg+g lxgxVRm« Vg
+8 ' xg '« VgxVgxVVg
+ g—l * g—l
Since the closure B(x, y 4+ J) is compact, there exists a constant co(g;;) > 0
such that

+I’im*g“l xg~

xg ' xVgxVgxVgxVg.

(6) IVRm| < co(8;j) on Blxo, 7 +9).
From (2) we have
(7 18ij(x) < gij(x,8) £ 28i;(x) on B(xo,y +9)x[0,T].
Thus
Rm+g~lxg  xgxVgx Vg < o|Vel?,

(8) —— o~ -
g‘l * g+ VRmx* Vg <¢|Vg|,

where the constant ¢y > 0 depends only on 7 and §;;, and is not necessarily
the same as the constant in (6).
Estimating the last two terms in (5) yields

g ' xg ' xVgxVg+VVg <7208 Vg2 |VVg|,
g xg lxg Vg Vg Vg Vg < 160n°|Vgl,

where we have to use (7) and check carefully the number of terms in the
equation of Lemma 2.1.
From (7) we also have

(10) 8FVa(VEy) - V5(Veiy) 2 |9V el
Substituting (8), (9), and (10) into (5) gives

9)

8 ~ ~ o~ o~ ~ ~
EIVgI2 < g%V, VplVglr — Vg2 + | Vgl
+co|Vel+72n%V g2 |V2g| + 16018V g|4,

(11)

where the norm |6g| is with respect to the metric &;;.
It is easy to see that

7215V g|? - [V2g] + 160n8|V g|* < 1|V2g|? + 3200n'0[V g|*;



248 WAN-XIONG SHI
thus from (11) we get

8 ~ e 5 _
(12) 5;1V81° < 87V Vy|Vel? - §|V2g|* + 3200n1°|V gl
+colVg)? +co.

If we let ¢ = 1/256000n'0 and use the notation in (63) of §2, then from
(2) and (7) we have

(13) l-e<h<l+e L4 <2 k=12, ,n
Now let
(14) m = 25600n'°, &= 6400n'°,

and define a function:

(15) o(x,0)=a+y A V(x,1) € B(xo,y+6) x[0,T).
k=1

Then by definition and Lemma 2.1 we have

¢

g
B mikm_] =5 8kk

ot
(16) = ml]’(n_lgaﬂe(xvﬁgkk

+mAy ! (Rm+g lxg+g lxg ' xVgxVg).
Using the same reasoning as before and (13) and (14) we get

- mip' x Rmxg~'+ g <co, -
mAr~ e gl 2 g x Vg x Vg < 10n°m(1 + &)™V gl

Substituting (17) into (16) yields

(18) ‘;—”t’ < mAr~ g PV, Vg +co+ 10n°m(1 + &)™ "|Vg /.

On the other hand, we have

n
8VaVyp = gV, Y, (Z A& )
k=1
= mAP ' gV Vg g + mOATT I AT 4+ AT
'gaﬂeagij ' 6/3&1,
which implies, in consequence of (13),

~ o~ _ ~ = m(m—1 —2S
79,950 > A7 g9, g0+ T (1 eyr2iTgp.
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Substituting this into (18) gives

Dy - ayn2iSgp

+co+ 10m3m(1 + )" 1|V g|2

d¢ ~ ~
Y < gaB —
(19) r S8 VaVso

By the definition of ¢ and m we have

2
(20) 10mn3(1 + &)"~! < ’1"—
m=2 3
(21) (1-¢)" "2 =
4
thus
mm-1) o aa om0 3 5
(22) —2—'—(1 €) 27(1 ert 2 TR
Substituting (20) and (22) into (19) yields
(23) %9 < 9. 950+ a0 - ——lVg|2

From (12) and (23) it follows that
(24)

b ~ ~ ~ ~ ~ o~ o~ ~
(019817 < 809, 9,(0 - [VgP) - 280909 4|V 52 - L9
at 2
- ~ - m? ~
+32007'%9|Vel* + cop| Vel + cop + o Ve[ — - [Vel®.
From (15) we have
(25) a+n(l-e)" <o(x,t)<a+n(l+e)”,
which together with (14) implies
m2
3200199 < 32001'°[64001'° + n(1 + £)"] < e
(26)
320019V g|* < '1”—6|%g|4.

Using (24), (25), and (26) we find that

a o ¥ - ot - (03 o o i
E(IVglzw) < 8PV, Vy(IVegle) — 288V 0 - V4|V g|?
Q7 )
~ me ~ ~
- 21922 - T Vel + Vg lg + o,
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but we also know that
n
~2g°V .9 - V|Vg|* = —2¢°FV, (Zi/'c") -Vl Vg
k=1

= —4g°% . mA7™" Vg - Vg VVg
(28) < 8mn’(1+&)"~1|Vg|?-|VVg|
<16mn’|Vgp?-|VVg|

200m?n10 ~

< £19%12+ Vsl".

Combining (27) and (28) gives
0 = N~ 200m2n10 ~
—(Vel*p) < gV, Vp(IVelPe) + ——|Vgl*
(29) ot X 17
m o~ ~
- TeIVel' +alVel’e +co.

Since ¢(x,t) > a = 640070, we have
200m2n'® _ m?
- <=,
@ - 32
and therefore, in consequence of (29),
9 (o) < g9, (T gl0) - 2= [Tl
(30) g V8IS ETNVIVENY) =77 IVE
+ ¢o|Vg|*p + co.

Since
2

m
Rja+n(l+e

2 2
M Goft = M (Telte? > Vg|*p?
371V él 32¢21Vgt 9° 2 )’"]2' gl’e”,
using (14) we get

-’?ﬁﬁgl“ > L|Telt?

32 -8 )
Thus
o RS |«
5;(V81%0) < 8°/V.V4(|Velp) — £IVel'y?

+colVegle +co.

(31)

If we define a function

(32) w(x, 1) =|Veglo(x,1),
then

O o b Ty L2 y
(33) W <g vuvﬂv/ 16V/ +C0(n,gu)
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on B(xp,y + 8) x [0,T]. For any x € M, we use y(x,xp) to denote the
distance between x and x with respect to the metric §;;. Then we have

(34) IVy(x, %) <1, VxeM.

Since |§,~ ik1|? < ko on M, using the Hession comparison theorem in Rie-
mannian geometry we know that there exists a constant ¢(y,d,kg) > 0
depending only on y,d, and kq such that

(35) VaVp7(x,X0) < (7,8, ko) &ap(x)

for all x € B(xp,y + d)\B{(xp, 7).
Choose a cut-off function 7(x) € C*°(R) such that
1

nx)=1, x<0,
(36) 1>n(x)>0, 0<x<],
n(x)=0, x2>1
and that
7(x)<0 VxeR,
(37) I7"(x)| <8 VxeR,
7' (x)*/n(x) <16,  x<1;
it is easy to see that such a function 5(x) exists. We define &(x) € c§°(M)

as
(38) 2y = n (L)l 4072

From (36), (37) and (38) we have
Ex)=1, X € B(xp,y +/2),
(39) E(x)=0, x € M\B(xp,y + 36/4),
0<é(x)<1, xeM,

), XEM.

~ 162 ~
IVE(x))* < ylW(x,xo)l2 ¢(x), X€eEM,
which is reduced to, by use of (34),

162

(40) VEP < =

(x), X € M.

On the other hand, we have

(41) 3
_77” : Vny(x’ xO) ' pr(x, xO)'
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From (36) and (37) it follows that

(42) 0> 7(x) > —4n(x)'?>-4, xeR.
Thus we get
4 , ~ ~ 16 ~
(43) 51+ VaVpr(x, xo) 2 _'(5_C_(Y:‘5:]c0)gaﬂ(x) vxeM
from (35) and
16 ~ L 128 |
(44) (5—2’1" - Vay(x, x0) - Vgy(x,x0) 2 —-(5—2&1/}()6), xXeM
from (34) and (37). Combining (41), (44), and (43) yields
(45) eaeﬂé(x) > _CO(Ys (53 k())gaﬂ(x): xeM.

Now consider the function
(46) F(x,t)=¢x)yp(x,t), (x,t) € B(xp,y +0) x [0, T].
Then .
(47) F(x,1) =&(x)p(x,1) - Vg > 0.

Since [V g|?(x,0) = 0, it follows that
(48) F(x,00=0, X € B(xg,y +9).

Using (39) we have
(49) F(x,t)=0, (x,) € (M\B(x9,y+35/4)) x [0, T].

From (47), (48), and (49) we know that there exists a point (xp, %) €
B(xp,y + 36/4) x [0, T] such that

50 F(xg,t) = max F(x,t),
(50) (%0, 20) g THBX (x,1)

(51) to >0,
which imply the following:

8F

— >

57 (X0, 0) 2 0,
(52) VF (xo, t0) = 0,

gaﬂeaeﬂF(Xo, to) < 0.
Thus

(53) &(00) Y (xns 10) 2. 0.
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Since & > 0, from (33), (53), (52), (54) and (55) we get
(54) &gV Vay — L&y + € 20 at (xo, k),
(55) &gV Vpy+y g PV Ve +2gV ¢ - Vw <0,
(56) HEWE S ol — 28V E Vpy — v - gV, Ve,
But 6F(xo, to) = 0, so we have
6‘6a'//+'//'6a€=0,

(57) -, & 2 ~ . &
—28%FV. & - Vyy = -é—wg“ﬂvaé -V ge.
From (56) and (57) it follows that

1 2 ~ ~ ~ ~
(58)  jelv’<al+ —gig"”vaé VpE— - gV V¢ at (x0, ).

Using (13), (40) and (45) we find

(59)

(60)
But 0 < £ < 1, so from (58), (59), and (60) we get
(61)

Yt Tpt < 10240,

~y - gV, Y 5¢ < 20y

EEw? <o+ 1024y + 28w at (xo, L),

where ¢y, & > 0 depend only on n,,4, T, and g&;;(x). Since

T (EW)? <ol + (28 + 1024)Cy)  at (xo, 10),

and & < 1, we have

(62) £ F (X0, 20)? < co + (260 + 1024) F (xo, to).
Thus

(63) F(xp,t0) < ¢c(n,7,6,T, &),

which together with (50) implies -

(64) F(x,t) <c(n,v,0,T, &) on B(xo,y+d)x[0,T].

Since &(x) = 1 on B(xp,y + 6/2), from (46) and (64) we get

(65

)

W(x’t) SC(n, 7,5, T’glj) on B(x07y+6/2) X [0: T]’
[Vel2o(x,t) < c(n,7,8, T, &,) on B(xo,y+3/2) x [0, T].
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From (25), ¢(x,t) > a = 6400n'%; thus using (65) we have

1
IVei(x, ) < S400m —o—=c(n, 7,6, T, &) on B(xp,y+6/2)x[0,T],

~ which completes the proof of Lemma 4.1.

The function &(x) defined in (38) may not be smooth at some points of
M, but as P. Li and S. T. Yau mentioned in their paper [5], this does not
affect our using the maximal principle on &(x)w(x, £).

Lemma 4.2. Under the assumptions in Lemma 4.1, for any integer
m > 0, there exist constants c(n,m,y,8,T, &) > O depending only on
n,m,y,0,T, and g;; such that

(66) 197 gi;(x, )2 < e(n,m,y,6,T, &)

Jor all (x,t) € B(xp,y+J/(m+ 1)) x[0, T, where the norm in (66) is with
respect to the metric g;;(x).
Proof. We prove this lemma by induction. If m = 0, using (7) we have

(67) |gij(x,0)]* < 4n

for all (x,t) € B(xg,y +d) x [0, T]. Therefore the lemma is true for the
case m = 0.

If m =1, from Lemma 4.1 we know that (66) is also true.

Suppose for £ =0,1,2,--- ,m — 1 we have

(68) V4 g, (x, )| < clk,n, 7,8, T, &)

for all (x,t) € B(xg,y +d/(# + 1)) x [0, T}].
Now we consider the case £ = m and assume m > 2. First, differenti-

ating the equation in Lemma 2.1 m times, we get

O ~ o~ o~

é—tvmglj = g**V . Vp(V™gi)j)

(69) + Z ekl g * vklg PR van-Zg * Pk k7

0<k k2, K2 <m+1
Ky +ky+- +km+2<m+2

Kpip2o

where
Pi,y--

is a polynomial of g, g~',Rm, VRm, V?Rm, - -- , V"Rm.
From (69) we get

Pk k’ nH-l(g’ g_l-’ ﬁm, 6§m, §2§m’ P ’6m§m)

m-ﬂ

9 SO - o .o
'a‘ilvmg_ijlz =gV, VI Vg2 — 2PV, (V™) V(V™ &)

(70) + Z 6klg*'“*6km‘2g*emg*Pklkz'”kmol'

0<ky, - k2 <m+1
k)4 4k, 2<m+2
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Since the closure B(xy, 7 + d) is compact, there exist constants c(£, &;;) >
0 such that
(71) |V¥Rm|? < ¢(#, ;) on B(xq,7 +90)

for all integers k =0,1,2,--.
From (7) and (71) we get

(72) |Pk|k2...km+2| <c(m,n, g;;) on B(xy,y+3d)x[0,T],
(73) 8PV (V7 giy) - Vs (Vgis) > |0m+igy 2.
Substituting (68), (72), and (73) into (70) yields
e ISR .
B—tIV’"gulz < gV, V|V gii|? — [V H gy
(74) +co(m, 1,7,8, T, &) [[V™g - [V g| - (1 + [ Vgl)
+10mg2 - (1+|Vgl? + |V2g]) + [V7gl]

on B(xp,y +d/m) x [0, T], where co(m,n,y,d,T, g;;) > 0 means some
constant depending only on m,n,y,4,T, and §&;;.
Since m > 2, for m = 2 from (68) and (74) we get

& ~ ~ ~ ~ ~
5;1V28l” < g VLV (Vi ~ [Vig]?

(75) +co(IV2g] - [V3g] + [V2g + |V2g? + [V2gl),
& ~ ~ ~ ~ ~ ~
alvzglz < gV, Vg Vig? - LV3gP + ol Vg + o

on B(xp,y +4/2) x [0, T1.
If m > 3, from (68) and (74) we get

8 ~ ~ o~ o~ ~ ~
(76) ;9—t|V’"gl2 < gV VIV g — SV g 4 oV gl + <o

on B(xp,y +d/m) x[0,T].
By combining (75) and (76), for m > 2 we always have

5 ~ o~ o~ - ~
(77) ;9—t|V"'g|2 < gV Vg Vg2 - 1V gl? + ol Vel + o

on B(xg,y +9d/m)x [0, T]. If we replace m by m — 1 in (74) and use (68),
we get

0 \&m— af O |om— o H w w
(78) IV g2 < g VaVy |Vl = [V"gl? + co(|V™ gl +[ Vgl + 1)
on B(xp,y +d/m - 1) x[0,T]. Since m > 2, from (78) we get

a o bl [13 SAR Y, ~’ - ~’
(79) FT 'gl? < gV Vg [V g2 — 31V’ + o
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where 6D, is not necessarily connected.
Using Theorem 3.2 and Theorem 2.5 we know that there exists a con-
stant T(n, kg) > 0 depending only on » and ky such that the system

%gij(,{,x,t)=—2Rl~j(,€,x,t)+ViI/}+VjI/}, xe€D,,

8ij(#£,x,0) = gij(x), x€Dyg,

8ii(£,x,t) = gij(x), x€dD,, 0<t<T

has an unique smooth solution g;;(#£,x,t) > 0 on the time interval 0 <
t < T(n, ko) for each £, We still have

1 . 1 .

(95) (1- W)gu( W)gij(x)
for all (x,t) € Dy x [0, T(n, ko)] and all integers £ > 1 by Theorem 2.5.

For any integer g > 1, from (93) it follows that

B(xp,q+1)C D, if£2>¢qg+1.

Using Lemma 4.2 and (95) we know that for any integer m > 0 there exist
constants c(m, n, g, ko, &;;) > 0 depending only on m, n, g, ko, and &;; such
that ,
(97) [V7gii(£, x,0)* < c(m,n,q, ko, 8ij)
for all (x,?) € B(xp,q) x [0, T(n,ko)] and £ > g + 1.

Also from (93) we have

(94)

x) < gij(£,x,t) < (1+

(98) M= D,.
£=1

Since the constants c(m,n,q, kg, &;;) in (97) are independent of #, by
(97) the derivatives of g;;(#£, x, t) are uniformly bounded on any compact
subset of M. Let £ — +oo. From (97) and (98) it follows that there exists
a smooth metric g;;(x,?) > 0 on M x [0, T(n, ko)] such that
(99) 8ij(£,x,t) < gij(x,t) as £ — +oo.
This means the metrics g;;(#,x,t) and all of their derivatives converge
uniformly to the metric g;;(x,?) and its derivatives respectively on any
compact subset of M as # — 4oco. Thus from (94) and (95) we get the
following theorem.

Theorem 4.3. There exists a constant T(n,ky) > 0 depending only on
n and kg such that the modified evolution equation
(100) (,%g,j(x,t)=—2Rij(x,t)+ViI/j+VjI/}, xeM,
8&ij(x,0) =g (x), xeM,
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has a smooth solution g;j(x,t) > 0 on 0 <t < T(n,ky), and satisfies the
estimate

1 - 1 .
(101) (1 - W) &ij(x) < gij(x,8) < (1 + W) &ij(x)

Jorall (x,t) € M x [0, T(n, ko).

5. First derivative estimate

Suppose g;j(x,t) > 0 is the smooth solution obtained in Theorem 4.3 on
M x[0, T (n, kp)]. In this section we are going to estimate the first covariant
derivatives of g;; with respect to the metric &;; on the whole manifold M.

If we choose T(n,kg) > 0 small enough, then from Theorem 2.5 it
follows that ‘

(1 [1—6(n,ko)1&;(x) < &ij(x, 1) <[1+8(n, ko)1&i;(x)

for all (x,t) € M x [0, T(n,ky)], where 6(n,ky) > 0 is the constant in
Lemma 3.1. Actually (1) comes from Theorem 2.5 and (99) in §4.
Using the notation of §3, let

(2) hij(x,0) = gij(x, ) — &ij(x),  Hi(x,0) = Yhij(x,0).
Then we have
13]

(3) B_th_] = gaﬂeueﬂHij + Bij on M x [0’ T(n’ kO)]’
Hij(x,0)0=0 VxeM,

where B;; = }4,; was defined in (4) of §3. From (11) of §3 it follows
(4)

- (S_n}/__kg + 205l%aHB7|2) &ij(x) < Bij(x,1)

< (SnT\/E + 205|60H137|2) &ij(x) V(x,t)e M x[0,T(n, k)]

By using (12), (13) and (14) of §3 we still have
—gij( ) < Hl_](x t) S ( )
5 58 < g x, t)s%g (x),

8?2
lvlgaﬂl < 5)4‘ k1|
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on M x [0,T(n, ko)]. Let yo = L(1/ko)!/*. If the injectivity radius of M at
some fixed point xo € M satisfies

(6) inj(xg) > ﬂ(l/ko)l/4,

then the geodesic ball B(xg,yy) € M is roughly the same as a ball in the
Euclidean space R". Thus using (3)-(6) and the same arguments as in the
proof of Theorem 6.1 in [4, §6, Chapter VII] we know that if d(n, ky) > O is
small enough compared to » and kg, then we can find a constant é(n, kg) >
0 depending only on n and &y such that
(7) sup |VH;;(x,t)]* < &(n, ko).
(x,1)EB(Xx0,70) X [0, T(n,ko)]

We need condition (6) to prove (7) since in the proof one needs to use the
Poincaré inequality, the Sobolev inequality and integral estimates. The
constants in these inequalities depend on the injectivity radius.

If (6) is not true at x,, we consider the ball

(8) B(0,7(1/ko)'*) € TiuM

of radius 7(1/kg)!/# in the tangent space at xo € M. Since |R,;x|> < ko,

using the comparison theorem we know that

(9) exp,,: B(0,n(1/ko)"/*) — M

is nonsingular; theArefore we can use this exponential map to pull everything

back from M to B(0,n(1/ky)'/*) and do the analysis on B(0,n(1/ky)'/4).

For the ball B(0, 7o) S Ty, M of radius yy = §(1/ko)!/* by the same reason

as (7) we get

(10) sup [VH;(x,1)]* < &(n, ko).
(6.1)EB(0,70) X [0,T(n,k0)]

Pushing back to M from (10) we know that (7) is also true for the case
when (6) does not hold.
Since xo € M is arbitrary, from (7) it follows that
(11) sup |VHy(x, )P < &(n, ko).
(X NEM X0, T(1,ks)]
Using (2) and (8) we hence have

Theorem 5.1. There exists a constant T(n, ko) > 0 depending only on
n and ky such that

(12) sup |V i (x, D) < c(n, ko),
(x,.EM x[0,T(n,ky)]

where c(n, ko) > 0 depending only on n and k.
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Note. Theorem 5.1 is true only for the solution g;;(x, ) > 0 constructed
in Theorem 4.3, and not for all of the solutions of the modified evolution
equation. For the general solution of the modified evolution equation, (1)
may not be true.

6. Second derivative estimate

In §§4 and 5 we obtained a smooth solution g;;(x,f) > 0 on M x
[0, T(n, kp)] of the modified evolution equation

a
(1) 578061 = —2Ry(x, ) + ViV; + V¥,
8ij(x,0) = &ij(x) VxeM
satisfying the following inequalities:
$8;(x) < giy(x, 1) < 28;;(x)
(2) B on M x [0, T(n, kg)].
[Vgij(x, O)* < e(n, ko)

In this section we want to estimate the second covariant derivative
vV 7 gij on M usually the upper bound of the whole second derivative
|VVg, /|? depends not only on » and kg, but also on the first derivative
VR, ki of the curvature tensor of the initial metric g;;. Therefore instead
of estimating IVVg, j|?, we want to estimate |R;;,|* and |V,;V;|? in terms
of n and ky. First, we want to find the evolution equation for R; ;s and
V.

If we define y(x,t) = ¢,(x) by the equation

aya ay(r . ~ N N
3 = S, - Th) ) =
then ¢,; M — M is a family of diffeomorphism (at least locally). Let
oy~ 9y?
(4) glj(x t) ax, 8xjg(xﬂ(ya )

(5) ds? = gij(x,0)dx'dx’ >0, ds?=gi(x,t)dx dx’ > 0.
Then from (5), (7), (8), (9), (11), (30) and (35) of §2 it follows that
(6) ds} = g} dst,

) 2 a0 = 2Ry (00, 8y(%,0) = gy (x).
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By (6) we have

ay ayP ay” 8y° 5

(8) Rijk[(x’t)' Bx’ Bxl axk ax[Raﬂ}’tS(yst)a

and therefore

o ay ay? 8y 8y’ d
a—l;Rijkl(X,t) WWWWERGMJ();J)
(9 ay ayﬂ ay)’ ay5 .
a1 (a_x’iﬁﬁﬁﬁ Rapya (3. 1)
Ay dyP 8y 8y® 0 4

9 _0y20yP oy 9y’ 8 5
®) dx! 8xJ 8xk ox! atRaﬂ/(S(y,t)

dy> ayP ay? 8y° 8y° 8 4

T xT BT BxE Dl 07 Dyd Kepr(:1)

8 (8y*38y? 8y’ 8y°\ <
at (6xi 8xJ gx* 9x! *Ragys (v, 1).
From Theorem 7.1 of [3] it follows that
6 R S o D -
(1o a7 Rkt = VeV g Rijrs + Wiju;
where
Wikt = 2Bujit = Bijie = Bujic + Biejr)
— B (RpjuiRgi + RipkiRyj + Rijpi Rk + Rijip Ryy),
B = 878% Ryiq; Ryt
Thus
8y~ 9yf 8y’ 9y’ 8 5
(11) x! dxJ Oxk ox! atRaﬂyé(yat)

_ 9y~ ayf ay” y°
T 9xi9x) axk ax!

(8MV,V  Raprs + Vaprs)-
By (6) we have

oy ayb oy oy?
Bxt HxJ dxk ox!
If we let A = g7P?V,V, be the Laplacian operator of the metric g;;, then
from (11) and (12) it follows that

ay* ayB 8y7 8y? 8 4
(13) WWWWER"WS(% t) = AR;jx; + Wijkis

(12) glnﬁlﬁnﬁa/}y(s = gququRUkl.
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where

Wijki = 2(Bijki — Bijik — Bitjk + Bikji)
(14) ~ 87U (RpjkiRyi + RipiiRyj + R;jpiRyk + RijipRy1),
Bijki = 877 8% RpigiRyksi-

Since
a9 4 IxP 8 =
WRaﬂyé(y’t) = 'a—yﬁwRaﬁyﬁ(y,t),
we have
ay*ayf ay? ay* 9y 9 =
9x7 3x7 9k Dl OF pyd Resr(:0)
_orooy aaror o 4
1s) = Bxi 0xJ 9xk oxI Bt Byd g broY>

T8t 9y? axP \ 9xi dxi 9xk ax! apys\Vs
ay®ox? 8 (8y*dyf 9y’ 8y°\ g )
= 37 5y7 57 \oxi a5 axk axl ) Resrs s 0):

By (3) and the definition of ¥},

(16) Vi = gijg" (T, — T},
we have
oy* _oy* . .
(17) 2= 28,
thus
0 p
(18) ay’ ox? ey

Wb? =&
From (8), (15), and (18) it follows that

ay*ayf 3y’ 8y° ay® 9
Oy oy oy oy oy’ 9 » sr5 (1> )

dxi 9x/ dxk ox! at 9y?
9 _(9y*ayF 8y" 8y°\ &
79xp \9x' dx] axk axl | b
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Using (8) again, we get

R 3]
(19) L oA w10 = gV 5= Ry

9%y 9x’ 8%yF xS

—_ pq . A, .

5 (8x1’6x’ dyea Skl t oxrox ay# Riski
8%y? 9xs 8%y ox*
Y axraxk oy ULt Gxraxi oy ks )

8 (8y*oyf ay” By N
at (ax’ 9x) dxk gx! 'Raﬂyé(y:[)

_ 9 (ay*\ ox* 9 (9yP\ ox*
= o ( o) G R+ 57 (7 ) g
a [(oyr\ ox* a (ay’\ ox*
* ok (W) oy Rt + 55 (W) gya Risks:
By means of (17) we obtain

8 [(8y* 8y 8y? 8y°\ =«
(LLL_y_) Rugrs,0)

91 \ox' dxJ §x* ax!
8%y 9x’ 8%yf xS
pq . — ~__ R.
=& (ax I§xP gy* ays Rkt + Fiigxr ayﬁR”“
(20) _oky? ox’p . 9% Ox L
E)xkaxl’ay/ UL Gxlgxe gy ks

1s) 1s)
+ Rpjk/ﬁ(gpq%) + Ripkla—;(gMVq)

15} 15}
+Rijplm(gpq%) +R/jkpa—g(gquq)~
Substituting (13), (19), and (20) into (9) yields
6 15}
6[ Ijk[ AR{]/{[ + Wikl + gp V dxP Ruk/
15} 15}
(21) +Rpjk15;(gpql/;1)+Ripk1?m(gpqzl)

7] 7]
+lep18 k(gqu)"’Rukpa [(gqu;I)-
If we choose a coordinate system {x’} such that at one point

k agij
22 —=2~ =0
( ) O xk ’
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then from (21) we get
(23)

o)
oy Rkt = BRyjig + Wi + 87Vy - VR
+ 8% (RyjitViVy + Ripi Vi Ve + Ryjpi Vi Vg + Rijip Vi V),

where v, was defined by (14).
From (22) it follows that at one point I" fj = 0, and therefore that

9 4 D\ _ 9 P 19 pq 3qu agql 08k
ik =T = g7l = 257 |87 \ 57 * 5%k ~ Fae

L@ (8, N, 2 (8 \_ 9 (o
=28 1557 \ 518 axk \ 9154 axd \ 915K

1 0 o o
= Eg”q [Vl (E&;k) + Vi (é—tg(ﬂ) - Vg (é—tgk[)}

1
= Eg”q[v,(—zqu + VqV}{ + Vi Vq)

(24) +Vi(=2Ry + VY Vi + V¥,
' =V (=2Ry + ViV + VWi D]
= gPUV 4Ry — Vi Ry — VIR i)

|
+ Egpq(vlquk

VIV + ViV, + ViV, — ViV — VoV, V),
gk[gfpg—t(ril — 1)) = g (ViR — Vi Ry - ViRix)
+ 38T+ VTV VT 4 V9,

= ViV = ViV V).
From the Bianchi identity we have
g¥'ViRy =ViR, g"VRy = ViR, gMV,Ry =1ViR,

and therefore
(25) g (ViR — ViRy — VRy) = 0.
The following formulas are well known:
ViViV = ViViVi = g7 Ryiip Vg,
ViViVi = ViV Vi = g% Ryigp Vg
Substituting (25) and (26) into (24) gives

(26)

. J = .
(27) 8“8 5;(Th ~ Th) = 8"V Vi + 8" Rip Vo,
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(9
b- i = [g gzp(rkI - rk1)]

g g S
~ e 3T, - T%) + 8 (58 (T, = T2)

5 N
+ <;9—tgk1) - &ip(Thy = T%p)

: 9 [
= gV V Vi + g Ry Vi + <8tglp) g (T}, - I

b2) ~
+ (Eg"’) - 8ip(Th — T%))-

Since gk/'V, V,V; = AV; and gH(T%, ~ 1% ) = g?V,,
9 ki 0 va
——V}:AV,+g RikV;'f' —a—tgip - & V;I

at
1s)
+(at )glp(rkl kl)

We still use g, g~ !, Rm, VKRm, and * to denote, respectively, the tensors
8ij»&"Y, R;jx;, the kth covariant derivative of Rm, and the tensor product.
Let
(29)
g’ =gxg. 8 =gxgrg,--, 8 =g""vg g =g g

Since R;; = g% Ry 1, Ricei curvature can be denoted as g~! * Rm.
Since &g/ = — g g/ 2 gy, we have

(28)

1 1

*g— ,r e

& 1 _ 5.8
(30) 578 =& *38

From (1) it follows that
(7]

(31) 5;8=¢8 “l«Rm+ VV,

where V' denotes the tensor {¥;}. From (39) of §2 and (14) we know that
(32) V=g"%Vg,

(33) Wikl = g‘2 * Rm » Rm.

Thus using (23) we get

i)
(34) 7 Rijki = ARjjy + g2 * Rm+ Rm + g72 + ¥ « VRm

+ g7 '+*Rmx* V.
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From (28) it follows that

2V,~=AV,~+g‘2=|=Rm=|= V+gls V*a—g
ot ot
(35)
Leg.
Substituting (30), (31), and (32) into (35) hence yields
Lemma 6.1. The following equations hold:

%Rijkl = AR;ji; + g 2+*Rm+Rm+ g~ 1%V« VRm

~ o}
—1 -
+ g *Vg*—atg

(36)
+ g7 '«*Rm« VYV,
9 3,9 -2,
(37) EV,-=AV,~+g +*+Vg*Rm+g7“+«Vg«+V/V.
To estimate the curvature R;;; and V;V; we need the integral estimate
of them. Define the volume element

(38) : dw, = \/det(g;j(x,t))dx'dx?---dx".
Then
ot 2\/det(g;;) o arsY
1, .0 1 .
(39) = 5(8"5;8)dwe = 5(=2Ri; + ViV; + V,; Vi) - 8 -dwy,
%dw, = (-R+ £'VV;)dw,.

In this section we use | |2 and | |3 to denote the norms with respect to
the metrics g;;(x,t) and g;;(x) respectively. Using (2) we know that these
two norms are equivalent to each other.

For any point xq € M, we denote by B(xy, 7) the geodesic ball, centered
at xo, of radius y with respect to the metric g;;. Let T = T(n, ko) be the
number in (2). Then we have the following lemma.

Lemma 6.2. For any xo € M and 0 < y < +00 we have

T
/ / [VVgij(x, 0|3 dwodt < co(n, ko, ),
0 JB(xo,7)

where 0 < co(n, ko, ?) < +oo is some constant depending only on n, ko, and
7.

Proof. Similar to (39) and (40) of §4, using the mollifier technique we
can find a function {(x) € C5°(M) such that

(40) IVExX)o <8, xeM,
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dx) =1, x € B(xo,7),
&%) =0, x € M\B(xo,7 + %),
(41) 0<&x)<1, xeM.
Let
(42) Q = B(xg,y + 1).

From Lemma 2.1 we have

9 ~ o~ _ o~
Evkgij = g*V,Vg(Vigi))+ & ' g+ VRm

(43) 2

+g *g*%g*ﬁm+g“2*6g*66g
+g_3*§g*§g*§g,

and therefore
) -
2 [ Fetx0lieo)? dug
Q

N 9 ~
= 2/ Vi &ij Evkgij - E(x)2 dwyg
Q

= 2/ V& 8¥V.Vs(Vigi) - E(x)?dwo
(44) Q
+/ g '+ g+ VgxVRm-&(x)? dwy
Q
+/ %g*[g‘z*g*eg*ﬁm+g_2*6g*%%g
Q .
+ g 3% Vg Vg Vglé(x)? dwg.
Using (2) we have "
(45) lg<g<2g |Vgl<c(nky) onMxI[0,T]
using (45) and the condition [Rm|2 < k, we get
6g*(g'2*g*§g*ﬁm+g_2*6g*§§g+g_3*§g*6g*€’g)
< C0+C0|§§g|o,
4 /eg*(g_z*g*ﬁg*ﬁm+g‘2*§g*§€7g
(46) Q
+ 873+ Vg Vg Vg)é(x)? dwo
<cp [ (1+[99glo)é(x)? dun.
Q
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On the other hand, a use of (41), (42) and the assumption [ﬁm|§ < ko
gives

(47) / £(x)? dwo < f duwo = / dwo < colko, 7).

Q Q B(xo,y+1)
Combining (46) and (47) we have

/ Vgs(g2+xg+«VgxRm+ g 2xVgxVVg
[¢)
+ g—3 * §g * §g * eg)ﬁ(x)2 dwg
(48) < co+co / 9% glo (x)? duwo,
[¢)

where ¢y means some constant depending only on #, ky, and y; they may
not be the same as each other.
By integration by parts, we get

2/;26kgij - 8%V, V5(Vigi) - E(x) dwo
= _2/;2%[3(%1(&]) Valg® - Vigiy - E(x)*1dwo
(49) = —2/98'“’8%,8%%17 VaVigis - E(x)? dwg
+/Q§%g «Vg 1« Vg &x)dwy
+/Qg—1*%%g*g(x)*%*%g-dwo.
On the other hand, using (40), (41), and (45) we have

/ g xVVg x&E(x)x VE*x Vg - dw
(50) @ .
< ¢ /Q 19 gloc (x) duw.
Since Vg—! = g2 Vg, from (45) it follows that
(51) Vg ' < co;

thus

/ VVg Vg™« Vgx&(x)dw,

(52) @ . .
< [ [99glo- ¢ duo < | 1998l - &) du
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From (45) we know that
(53) VY8 VaVig 2 1|V
A use of (49), (50), (52), and (53) yields
2/961:&7 8PV, V (Vi 8i) - E(x)? dwo
(54) < - [ 1998l dwo+co [ (99l &) du

< —5/Q|ﬁg|g¢(x)2dwo+co.

By using integration by parts again, we have
(55)

/Qg‘] x g+ Vg +VRm - &(x)2dw
= ——/QIAim*ﬁ(g‘l x g * Vg x&E(x)2) dwy
=/inm*[6g—1*g*ﬁg*g(x)+g—1ﬁg*%g*:(x)
+8  xgxVUVg+&E(x)+ g7+ g Vg x VEKE(x) dwy.
Using lﬁml% < kp and (40), (41), (45), and (51) we get

ﬁm*(§g" *g*eg*é(x)akg—l *6g*6g*§(x)
(56) +g“*g*eeg*ﬁ(x)—kg_l*g*%g*eé)
<c¢p+ Coleeglo.

Substituting (56) into (55) gives

/Qg‘l « g+ Vg VRm-&(x)? dwp
(57) .
<c /Q £(x) dwo + co /Q 99 glo&(x) duwo,

which together with (47) implies

(58) /g" « g+ Vg + VRm - &(x)? dwy §c0+c0/ |VVglo - €(x) dwo.
Q Q
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Substituting (48), (54), and (58) into (44), we get
51 [ 19k (e, ORE0? du
<3 [ 199alex)? duo
+co [ [F9g-206) duo + o [ [9F8lod(x)? duo+o
<3 [ 199aRe? dun +ao [ [998lucx)dun +
(9) 5 | (Fuae, OB 02 dwo < —3 [ 1998ex)? dwo +co
Since
(60) | 1By (e, 00 x)? dwy = 0,
integrating (59) from 0 to T yields
[ st e duo+ § [ [ 1995 dundt <
/0 i /Q 9% ¢ 2 (x)2 dwo dt < co.
But on B(xy, y), &(x) = 1; thus
(61) /T/ 99 g2 dwodt < co,
0 B(xg,y)

which completes the proof of the lemma.
Lemma 6.3. We still have the following inequalities:

T i
(62) / / G g2 dw, di < co(n, ko, 7),
0 B(xy,7)
T o~
(63) / / Vg dw di < co(n, ko, 7).
0 JB(xp.7)
Proof. Using (45) we get
|VVegl? < 16|VVg[3 .
(64) dw, < 2"2dw, on M x[0,T];
thus

T . T L
/ / |VVgPdw, dt < 2"/2+4/ / |VV g2 dwo dt.
0 JB(xo.) 0 JB(xo.y)

271



272 WAN-XIONG SHI

From (61) we know that (62) is true. But one has

V%g = \~7§g +g 6&’ * 6&’,

(65) Vgl <2[VVgP +2]g7 « Vg Vgl
From (45) and (65) we get
(66) IVVg2 <2[VVe + 0,

which together with (62) shows that (63) is true.
Lemma 6.4. Forany xoe M, t€[0,T), and 0 < y < +00 we have

[ Rt 0F + (973 duw < o, Ko, ),
B(XQ,}’)

where 0 < cp(n, ko, 7) < +oo depends only on n, ky, and y.
Proof. Suppose {(x) € C§°(M) is the function satisfying (40) and (41),
and let Q = B(xg, 7 +1). Since |R;jz/|* = g™*g/# g7 ¢! R;j31Ropy5, we have

o o ‘ a0 _ _
(67) ElRijkllz = 2Rijk15‘tRijkI + Rm * Rm * 578 P g=3,

where we have assumed g;; = J;; at one point. Thus

(68)
/Q IR, DPE)? duw,
= /Q IRyt (x, 0)[3E (x)2 duw
t
+ / 9 / Ry (3, )2E(x)? duw, dt
0 9t Jao
- /Q IR ()3 ()2 g
[ 9 -3 9 2
+ / 2Rijk[—R,‘jk[+g *Rm*Rm*—g é(X) d'LU[dt
0 Ja ot ot
t
o
+ [ [ 1RgaPe(e)? - 2 dwidt.
0 JQ
Since Iﬁ,-jk,(x)kz) < ko, we have

[ 1R x)BE(x)? duso < / £(x)? dwg
Q Q

(69)
< k()/ dwy < ¢p.
B(xg,y+1)
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From (39) it follows that

(70) %dw, = (g 2*Rm+g '« VV)dw,

(71)
’ P
| [ Riue? - 5 dwidr
s Jo T,
t
=/ /g“4*Rm*Rm*(g‘2*Rm+g_1*VV)cf(x)2dw,dt.
0 JQ

Using (30), (31) and Lemma 6.1 we get

ig‘l =g 3+Rm+ g 2= VYV,

(72) 57

(73)
t
//g‘3*Rm*Rm*gg'1-é(x)zdw,dt
0 Ja ot

t
=/ /g‘4*Rm*Rm*{g_2*Rm+g_l*VV}é(x)zdw,dt,
0 Ja _

14
0
04) 2 [ [ Ry Ria-E002 dwide
0JQ
!
=2 [ [ Ry R &0 dw, d
0JQ

t
+//{8_6*Rm*Rm*Rm+g_5*Rm*Rm*VV
0 Ja

+g %+« V +«Rmx VRm}f()c)2 dw; dt.

From (68), (69), (71), (73), and (74) it follows that

/Q IRy (s OPECE)? dw

!
< +2//R,-- AR - E(x)? dw, dt
(75) o o [ R ki - & (x)" dw,

t R
+//{g‘6*Rm*Rm*Rm+g_5*Rm*Rm*VV
o Jo

+ g%« ¥V « Rm * VRm}¢(x)? dw, dt.
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Integrating by parts yields

{
2/ / Rijkt - ARyjyy - &(x)? dw, dt
0JQ
{
=2/0 /(zRijk"gaﬁvaVﬁRijkl'ﬁ(x)zdw,dt
t
0
t
=_2/ / IVRjii|?(x)? dw, dt
0JQ
t
+/ /g‘S*Rm*VRm*é(X)*Vé(x)dw,dt_
0JQ

But since £(x) € C§°(M) is a function, we have

and by (40),

|VE(x)] = [VE(x)] < V2IVE(x))o < 12,

/ / S« Rm » VRm  &(x) * VE(x) dw, dt

77 t
77 < /0 /Q IRm| - [VRm| - &(x) dw, dt

t {
< 1/ / |VRm|2¢(x)2dw,dz+c0/ / IRm? dw, dt.
2 0 JQ 0 JQ

Substituting this into (76) gives

t
2/0/Rijk/'ARijklf(X)zdw:dt

(78)
<=3 [ [ 1oRmpeee2 dwidesco [ [ Ranf .

Now we use (32) and (45) to get

(79) Vil§ <co. Vil <2IVil§ <co, on M x[0,T],
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so that
t
//g_S*V*Rm*VRmf(x)zdw,dt
0 Ja

t
< co/ / [Rm| - |[VRm| - &(x)? dw, dt
0 Ja

IA

t t
% / / IVRm[2£(x)2 dw, di + ¢ / / IRm[2(x)? dw, dt
0 JQ 0 JQ

t t
% / / |VRm|*¢(x)* dw, dt + ¢ / / IRm|? dw, dt,
0 JQ 0JQ

where we have used (41) and (45) again.
Integrating by parts yields

IA

t
//g‘S*Rm*Rm*VV-é(x)zdw,dt
0JQ :
t
=—/ /g‘s*V*V[Rm*Rm*é(x)2]dw,dt
0o Ja

=/’/ g7 * V +[Rm + VRm * &(x)?
0 Ja

+ Rm * Rm * &(x) * V&(x)1dw, dt.
By (41), (45), (77), and (79) we get

t
/ /g—5*Rm*Rm*VV~§(x)2dw,dt
0 JQ

< co/O’/Q[le .|VRm| - &(x) dw, dt

t
+ o / / [Rm[? dw, dt
0JQ

t t
<1 / / IVRmPE(x)? dw, di + ¢ / / IRm|? dw, dt.
8Jo Jo 0 Ja

Substituting (78), (80), and (81) into (75) gives
(82)

{
/ IRyt (6. D2E(x)? dw, < — 5 / / VRm[2E(x)? duw, dt
Q 8 Jo Ja
!
+//g'6*Rm*Rm*Rmf(x)2dw,dt
0JQ

t
+c0/ / [Rm|? dw, dt + co.
0 Ja
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By means of (37) of §2 it is easy to see that

Rijki = 8pi8" Ry i +VVg + g7 1+ Vg Vg,
thus
(83) Rm=Rmx*2 l+g+VVg+g lxVg«Vg.
Since VVg = VVg + g1 Vg x Vg, we have
(84) Rm=Rmxg~ ' xg+VVg+g l+VgxVg,

!
/ / g_(’*Rm*Rm*Rm-f(x)zdw,dt
0JQ

(85) “f -6 By 5l &
= g +*Rm+Rm+(Rm+ g7 xg+VVg
0 Ja

+ g7 '« Vg Vg)(x)?dw,dt.

By using (41), (45), and |[Rmf3 < kg we find
(86)

t
//g_6*Rm*Rm*(Rm*g_‘*g+g‘1*Vg*Vg)\f(X)2dwzdl
0 Jo .

!
< cp / / IRm|? dw, dt.
0 Ja
Integrating by parts yields

! .
//g‘6*Rm*Rm*VVg-.:(x)2dw,dz

0 JQ '

!
=—//g_6*%g*V(Rm*Rm*f(X)z)dwzdt:
0 JQ
! ~

//g_6*Rm*Rm*VVg~§(x)2dwzdt

0 JQ

t
=//g—6*Vg*(Rm*VRm*.5(x)2
0JQ

+Rm * Rm + &(x) « VE(x)) dw, dt.
Using (41), (45), and (77) we get

t o~
//g“’*Rm*Rm*Vng(X)zdwzdl
0 Ja
t I3
(87) _<_c0//|Rm[-|VRm|-§(x)dw,dt+co/ / Rm|? dw, dt
0 Jo 0JQ

t !
< %/ / |VRm|*¢(x)? dw, dt+co/ / [Rm|? dw, dt.
0 Ja 0 Ja
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Then it follows that

t
/ / g7% *Rm » Rm x Rm - &(x)* dw, dt

! !
<1 / / (VRmPE(x)? dw, di + ¢ / / IRm[2 dw, dt,
8 0 JQ 0JQ
from (85), (86), and (87), and that

/ [Ryjir(x, )PE(x)? dw, < —/l/ |VRm|*¢(x)? dw, dt
Q 0 Ja

(88)

(89) p
+c0/ / IRm|? dw, dt + co
0o Ja

from (82) and (88). Using (495), ]ﬁml% < ko, and (84) we get

(90) [Rm|? < co+|VVeg[* - co
thus
t ’ T
//(lezdw,dISCO/ /dw,dt
0JQ 0 Q
T
(91) +c0/ /|Wg|2dw,dz
0 Q

b .
< co+co/ / |VVg*dw,d1.
0 x0.7+1)
Use of Lemma 6.3 with y replaced by y + 1 yields
T ~
[ [ w¥stdwdr<a,
0 JB(xp.r+1)
which together with (91) implies

1
(92) / / IRm|? dw, dt < cg.
, 0oJ@Q ‘
Substituting (92) into (89), we get

!
/lRijkg(x,t)lzf(x)zdw,g—/ / \VRmPE(x)? dw, dt + co.
Q ~ Jo Ja

Since

0 A
(94) ViVi = 5V TV
we have

zv,-V,:i(a > Ik aVk—ngtr

ot axi \at’ Uat i
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Suppose (22) is true at one point. Then

0 _o (9 k
(95) EV,VJ =V; (é_tV) Vkatr”’
O L2 (8,\, 8 (8 Y o (0
(96) 570~ 2% [axf 5:811) V557 \5:81) ~ 5x7 \ 5187
= Lou \vZ 9, +V; 9, i v/ 9.,
2g i atgj[ J atgtl ! atgu ,

and therefore
_ og
k _ -1 o8
atr *V <8t ) .

From (31) it follows that

r" =g 1+V(g ' *Rm + VV),

7]

atr" =g 2+« VRm+ g 1+ VVV.
Substituting (97) into (95) yields
(98) %vil/j=v[ (%Vj)-}-g‘z*V*VRm-f-g"*V*VVV.
Using (32) and (37) we know that

%Vil/j =ViAV;+ g3 % Vg*Rm+ g 2+ Vg« vV)

+g‘3*§g*VRm+g_2*§g*VV,

CONNEN

5; VIV =AY + g 3+xVVg«Rm+g3+Vg+VRm
‘Z*Vﬁg*VV+g_2*6g*VVV,

where we have used the interchange formula of two covariant derivatives
to claim that

ViAV)) = A(ViV)) + g2+ VVg+Rm+ g~ 3+ Vg + VRm.
From the definition we have
IViVil* = g 2+ VV x VV;
thus

0
a1

dg!

57 «VV xVV.

ViVi+g "«

7]
(100) E'Vilez =2VV
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Using (30) and (31

~—

we get

V. V| =2V,V;- iV,-V- + g *«Rm«VV «VV
J Y J

+ g 3%« VV«VV «VV,

[ IvivRee? dw, = [ 19¥e(x)? duy
Q Q

t
+ / 9 / V.V 12E(x)? duw, dt.
a7 /o

Since V;¥; = 0 at the time =0,

/ V¥ BE () duwo = 0,

SN

(101)

(102) /|v Vi1 #(x) dw, = // —|VVj|? E(x)? dw, dt

+/ / |v,~Vj|25(x)2-—dw,dt.

Substituting (70), (99), and (101) into (102) gives
(103)

/Q V.V PE(x)? dw,

=2 / / ) - E(x)2 dw, dt

+/ /(g‘5*VVg*Rm*VV+g—5*6g*VRm*VV
0JQ

+ g« VVgxVV «VV + g4« Vg« VYV « VV
+ g4« Rm* VV «VV + g 3« YV VYV« VV)Eé(x)* dw, dt.
By integrating by parts, we get

2//v,-Vj.A(v,-Vj)-¢(x)2dw,dt
_2/ / Vi 8PV, Vp(ViV))  E(x)? dw, dt
- _ R/AMN a7V, . 2
=2 /0 [ Ta(Vi0) - Va0, - £(x) duw
—_ ! 2 2
= 2/0 /QIVVV| E(x)? dw, dt

t 34 * * * .
+/O/Qg VVV « VV « &(x) * VEx) dw, dt
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Using (77) and (45) yields

2// ). E(x)? dw, dt

< —2/'/ VYV |2£(x)? dw, dt
0 JQ
¥4 3
+co/ / VUV VY| - E(x) dw, dt,
0 JQ

t
. .. . 2Y . 2
2/0 /QV,VJ AV V;) - E(x) dw,dt

<———//|VVV|2§ 2 g, dt

+co/ / |VV|?dw, dt,

which together with (103) implies
(105)

[ 1w Pee)? du
<__//|VVV|2§ Y dw, dt

+//(g_S*VVg*Rm*VV+g'5*§g*VRm*vV
0 Ja

(104)

+ 8% VUVgx VUV xVV + g 4%« Vgx VYV x VIV
Fe Y RMAVV VYV + g 35« VV x VV « VV)E(x)  dw, dt

t
+c0/ / |VV|?dw, dt.
0-JQ

Using (41) and (45) we get
(106)

// *%g*VRm*VV+g_4*6g*VVV*VV)-f(x)zdw,dt
'
SCO/ /(|VRm|-]VV]+|VVV|-|VV|)§(x)2dw,dt
0 JQ

t
< co/ /(|Vle (VY| + VYV VY )E(x) dw, dt
0 JQ

< %/O /Q(|VRm12+IVVVJZ)c(x)zdw,d;

t
+c0/ / |VV|?dw, dt.
0 JQ



DEFORMING THE METRIC ON COMPLETE RIEMANNIAN MANIFOLDS 281
Integrating by parts yields
/O[/Qg_5 «VVg *Rm *x VV - &(x)* dw, dt
= —/(:/Qg—5 « Vg« V[Rm * VV - &(x)2 ] dw, dt

[ A~
=/ /g‘5*Vg*[VRm*VV*f(x)z+Rm*VVV*f(x)2
0 JQ

+Rmx* VV x&(x) *» VE(x)dw, dt,

which together with (41), (45) and (77) gives
(107)

/ / *Vﬁg*Rm*VV-f(x)zd’w,dt
¢
_<_c0/ /(IVRmI'|VV|+|Rmi~|VVV|+|Rm|‘|VV])C(x)dw,dt

< 8// (IVRm|? + |VVV[})é(x)? dw, dt

voo [ [19vPdwdire [ [ R dweat
0 JQ 0 JQ

From (32) it follows that
(108) VV =g"'xVVg;

thus g 3« VV « VV « VV = g=4x VYV g VIV x VV. Substituting this and
(84) into (105) yields
(109)

// ‘xUVgxVV +VV + g 4« Rm*VV + VIV
+ g3 % VV VYV « VI)E(x)? dw, dt
=/Ot/n(g-“*v%g*vmvwrﬁm*g—' xgx g xVV R VY
+879xVgxVgxVV x VIV)E(x)? dw, dt.
Using (41), (45), and ]ﬁm]é < ko we get
A[/(ﬁm*g_l*g*g“‘*VV*VV

(110) SxVgx Vg« VV x VV)E(x) dw, dt

<c0/ / IVV|2 duw, dt.
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By integrating by parts, we find
/Ot/Qg“‘*V§g*VV*VV*é(x)zdw,dt
- _/Ot/Qg—‘* « Vg« V[VV * VV +&(x)*1dw, dt

t ~
= / / g4+ Vg*(VV VUV x&(x)*+
0Jo
+ VV «VV % &(x) «VE(x))dw, dt,
and therefore, in consequence of (41), (45), and (77),

t ~
//g“‘*VVg*VV*VV*.f(x)zdw,dt
0 Ja
1
<a [ [(VVI-[99V]+ [9VPIREC) dw,de
0 Ja
14 !
(111) 51/ / |VVV|2¢(x)2dw,dz+c0/ / YV dw, dt.
8Jo Ja 0 Jo
Substituting (110) and (111) into (109) gives

t
//(3_4*VVg*VV*VV+g’4*Rm*VV*VV
0JQ

(112) + g3« VV « VV « VIE(x) dw, dt

! !
<1 / / IVYVIRE(x) dw, di + co / / YV dw,dt,
8 Jo Ja 0 Ja
and substituting (106), (107), and (112) into (105) gives

/ |ViV;12%¢(x)? dw,
Q

t !
(113) < —%/ / |VVV|zé(x)2dw,dt+%/ / |VRm|?¢(x)? dw, dt
0JQ 0JQ

t t
+c0/ / |[Rm|? dw,dt+c0/ / |VV|?dw, dt.
0 Ja 0 Ja
If we replace y by y + 1 in Lemma 6.3, from (63) it follows that
T
(114) [ [ v¥erdwdi<a
0o Jo

Using (108) and (114) we know that

T
(115) //|VV|2dw,dt§co.
0 Q
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Substituting (92) and (115) into (113), we have

!
[rwmierdu <=3 [ [ [99vpe?dudr
(116) Q ) 0 Ja
+—/ / |VRm|%¢(x)? dw, dt + cq,
4Jo Jo
which together with (93) yields

[ (R e, 0P + 19,7 P)2(x) o
(117) ,
+ %/0 /Q(lVanIZ + [VVVlz)é(x)z dw,dt < .

Since &(x) =1 on B(xy,y), from (117) it follows that
0<I<T

(118) max / (Rijir e, OF + V3V ) dw, < o,
! B{xg,7)

and hence Lemma 6.4.
If welett =T, from (117) we get

T
(119) / / {VRmP + |VVV 2} dw, dt < co(n, ko, 7),
0 JB(xp,7)

where 0 < ¢o(n, kg, y) < +oo depends only on n, kg, and y.
Lemma 6.5. Forany xo € M, 0 < y < 400, and integer m > 1, we have

T
L[ iR, 0 + 1901 9T g du de < cln,m, Ko, ),
0 JB(xp,7)

. 2 V.21 <
s [ IR OF + IV 1™ du < ol K ),
T
/ / [Rs(6, )P + VeV 21"~ - [VRm[? + [VVV Plduw, dt
0 JB(xp.)
<c(n,m,ko,v),

where 0 < c(n, m, ky, y) < +00 depends only on n,m, kg, and y.

Proof. We prove this lemma by induction. In the case m = 1 from
Lemma 6.4, Lemma 6.3 and (119) it follows that Lemma 6.5 is true.
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Suppose for s =1,2,--- ,m — 1 we have -
(120)

T o~
] R, o + 190,207 199 gl duw di < (5,5 7),
B(x0,7)

ma Rijii(x, )]} + |V V;1%F dw, < c(n, s, ko, 7),
OSISXT/B(XO,},)H k1 (6, 017 + | ViV|°F dwe < e(n, s, ko, ?)

T
/ / R a6, 1) + [ViV; P~ (VR + VY V) dw, di
B(xg,y)

<c(n,s,ko,7)

for any xg € M and 0 < y < +o0.

In the case s = m, suppose &(x) € C§°(M) is the function defined by
(40) and (41), and let Q = B(xq,7 + 1).

Using the induction hypothesis (120) and the same arguments as in the
proof of Lemma 6.3 and (117) we get
(121)

T B v
/ / Ry (x, O + VoV P VY g2E(x)? dw, dit < c(n, m, ko, ),
0 Q

/Q 1Ryt (6, ) + [V, VP17 (x)? dw,

3 /! -
+3 [ [ URaux, 0 + 19,1
0 JQ

-[[VRm|? + |VVV|*¢(x)? dw, dt < ¢(n, m, ko, 7)
for all £ € [0, T]. Since &(x) = 1 on B(xp,y), we have

T ~
L[ Rt 0 + 9,V [V Vg duw dt < cln, ko, ),
B(xy,7)

ma .R.. x.t 2 V.V.Zmd,w < c(n,m, ko, y),
OSISXT/B(YO,?)[I ikt (X, 8)] + ViV (<cln ko, y)

122 T —
U2 [ iRt of + v
0 JB(xy,7)

~(|VRm? + |VVV |3 dw, dt < c(n, m, ko, 7).

Thus the lemma is also true in the case s =
Theorem 6.6. There exists a constant c(n ko) > 0 depending only on n
and ky such that

(123)  sup 1Ri;-ik,<x,z>|25c<n,ko>, sup |V, V|2 < c(n, ko).
M x[0,T] v M x[0,7]
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Proof. From Lemma 6.1 we know that

ET] Rijki =AR;jiy+ & *Rm*Rm+ g7 '« ¥V x* VRm+ g~ « Rm = VV.
Since

g 'V +VRm=V(g7'*V*Rm) - g ' *Rm=*VV,

6

ET} Rijii =AR;ji + V(g 1+« V«Rm)+ g ?+*Rm*Rm

+ g ' *Rm=* VV,
which can be written as

0
(124) ET)
where P= g~ '+V+«Rm,and Q@ = g7 ?*Rm*Rm+ g~ *Rm*VV. Using
(37) and (98) we get

Rijri =AR;ji + VP + Q,

125 DW= i(aY) + V(g 5 Vg ¢ Rm + g2« Vg TV)
+ g7 2%« V+VRm+ g ' xV+VVYV,

and

(126) Vi(AV)) = A(V:V;)) + g 2« Rm* VV + g7 2%V * VRm

by means of the interchange formula of two covariant derivatives. Substi-
tuting (126) into (125) yields

6

(127) 3 ViV =A(VV;)+Vi(g >+ Vg+Rm+ g 2+ Vg xVV)
+g27 2% V+*VRm+ g '« VxVVV + g 2xRmx*VV.
Since
g_z*V*VRm=V(g_2*V*Rm)—g_z*Rm*VV
V(g **Vg*Rm)— g 2+*Rm* VYV,
g VA VYV = V(g sV VV) — g~ + VIV x VUV
(

V(g 2xVgxVV)—g '« VV xVV,

I

from (127) it follows that

9 -3, &
V
(128) 6th =AVV)+ V(g > +«Vg*xRm+ g *+*VgxVV)

+g 2% Rm*«VV + g7« VV x VYV,
which can be written as
0

atv Vi=A(VV;))+VF +G,
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where F = g3+« Vg+Rm+ g 2+Vg«VV and G = g~ 2«Rmx* VV+
g+ VV VYV,

Let yo = §(1/ko)'/4. For any xo € M, from (45), (79), (124), (129), and
Lemma 6.5 it follows that for any integer m > 1 we can find constants
c(n,m, ky) > 0 depending only on n, m, and ky such that

max / |P|" dw, < ¢(n, m, ko),
B(x0,7)

(130) Os=t
m < k .
By O 0 5 )
max/ |[F|™ dw, < ¢(n, m, k),
(131) 0=<4=T J B(xp,70)

max / |GI™ dw, < c(n, m, kp).
0=I=T J B(x0,70)

If the injectivity radius of M at x; satisfies
(132) inj(xo) > 7(1/ko)'/*,

then the geodesic ball B(xg,y9) € M basically is the same as a ball in
Euclidean n-space R". Thus using (118), (119), (130), (131), (124), (129),
and the same arguments as in the proof of Theorem 8.1 in [4, §8, Chapter
IT1] we know that there exists a constant ¢(n, k) > 0 depending only on »
and ko such that

sup |R;jki(x, D)]* < c(n, ko),
B(x0,70/2)x[0,T]

sup |V, V512 < e(n, ko).
B(x0,70/2)x[0,T]

(133)

If (132) is not true at xo, then let

(134) expy,: B(0,m(1/ko)"/*) —» M

be the nonsingular map defined in (9) of §5; thus we canApull everything

back from M to B(0,n(1/ko)!/*) and do the analysis on B(0, z(1/kg)'/%).
For any integer m > 1, similar to Lemma 6.5 we have

T ~
[ URua(x, O + 19, VP19 9 gl du, di
0 JB(xo.70+70/m)

S C(n’ m, k())’
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max [ Ry (e, O + ViV PT" dw, < e(n, m, ko),

B(xq,70+70/m)

T
/ /A 1Ry, )2 + V0521
0 J B{(xp,y+v0/m)
-(JVRm|? + [VVV|}) dw,dt < ¢(n, m, ko),

where 0 < ¢(n,m, ky) < +oo depends only on n,m, and ky. Thus (130)
and (131) are also true on B(Xy, yo). By the same reason as that for (133)
we get

(135) _sup \R;jxil* < C(n, ko),
Blxo, 3 70)x[0,7]

(136) sup  |ViVi[* < C(n, k).
Blxo, 570)%10,7)

Pushing forward to M from (135) and (136) we know that (133) is also
true in the case when (132) does not hold.
But xp € M is arbitrary, so from (133) we get

(137) ,Rijk/(x: t)lz S C(nka): |VIV”2 < C(n:kO) on M X [O: T]:

thus the theorem is true.
Theorem 6.7. For the constant T = T(n,ky) > 0 in (2) the unmodified
evolution equation

d . N
(138) Egij(xit) - _ZRU(-xyt)y

8ij(x,0) = &i;(x) VxeM
has a smooth solution g;;(x,t) > 0 on M x [0, T'] and satisfies the following
estimate:

1 ~
—8ij(x) < &ij(x,t) £ Cygij(x),
(139) Cl gl}( ) —gu( ) 1gz]( )
[Riji(x, > < C, on M x[0,T],
where 0 < ¢, ¢y < +oo are constants depending only on n and ko, and || ||
denotes the norm with respect to the metric §;;(x,t).
Proof. Suppose £,5(y,t) is the metric defined on (4). Then

R _oxtoax)
(140) Bop(¥,t) = 5y2 oyF gij(x,t).

From (3) we have

oxk ay*

(141) ayo.a_t_gﬁy[rﬁly_f?}y]7 ya(-x70)='xa'
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Proof. From Theorem 7.1 of [3] we have

1o}
‘a_;Rijkl = AR;jx; + 2(Bijii — Bijik — Bitjk + Bixj1)

- gpq(Rpjkqui + Ripkquj + Rijleqk + Rijkqul)’

where
Bijki = 877 8% Rpiqj Rykst;
thus
9 -2
(4) ER,-jk/ =AR;ji; + &7° *Rm « Rm.

From (4) it follows that

og~!
3
* a1
(5) = 2Rijk1 'ARijkI +g“6*Rm*Rm*Rm,

* Rm * Rm

o o _
E|Ruk1|2 = 2Rijk15;Rijk1 +g

6 u—
5?|Rfjk1|2 = A|R;jui|* = 2|VRjul* + &%+ Rm + Rm + Rm.
Using (2) we get
a ~
(6) 37|Rijk1|2 < AlRjjl* - zlvR’jk[lZ + o,

where 0 < &, < +oo means some constants depending only on n and kq;
they may not be the same as each other.
Again by (4) we have ’

d _
(7) aVRUM-_—A(VR,-jk,)-;-g 2% Rm * VRm,

d

E‘VRUMZ = A|VR:'jk1|2 - 2|V2Rijk1|2
(8) + g7 7*Rm * VRm * VRm,

d 5

EIVRijkllz < AIVR;ju|* = 2|V3R;ji|* + &|Rm| - [VRm]?,
which becomes, in consequence of (2),

d .

9 , E|VRijkI|2 < AIVR;j* = 2IV2Ryjui) + €| VRm|2,

‘Suppose a > 0 is a constant to be determined later. From (6) it follows
that '

8 | ]
(10) E(a + lRijk/lz) < A(a+ |Rijxi)?) = 2|V R juil* + éo,
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which together with (9) yields

0
E[(a + Rkt DIV R jit |1
(11 < Al(a + |Rijei))IVRjkil*] = 2V Ry jual? - V|V Ry jral?

— 2|VR;jil* + &l VR jui)* — 2(a + |Ryjut| D) V2R jual?

+&(a + |R;jki)?)| VRm|.
Since

—2V,|R;juil? - V5|VRjii|? = Rm + VRm * VRm * V>Rm
< &|VRm}?  |V?Rm]

%2
C,
< 2a|V2R;juf* + i|VRijkll4a

substituting this into (11) we get

0
ET) (@+|Rijr|DIVR 1] € Al(@ + Ry jua*)| VR jaa|*)

| . ~
(12 (27 ) TRy + @l VR

+éo(a+ |Rijkl?) [ VRm|.

If we choose
2
é
(13) a=2+a,
where cg is the convstant’in (2) and & is the constant in (12), then we have
‘ 2
(14) 2—5—321, a<a+|Rjul<a+c < 2a.

Substituting (14) into (12) gives

0
—[(a@+|Riju)IVR;jis 1]

ot
< Al(@+ [Rijit )|V R ]
= VR jul* + &(1 + 1/a)(a + |R;jx/|)IVR; ji?
1 : .
(15) < Al@+ |Riju)IVR jii 1 - et |R;jxi1*)* VR jug|*

+é(1+ 1/a)(a+ |R;jx/ )| VR x|
. 1
< Al(a+ R VR i1 - W(a + R i)V R jual*
+ &o(n, ko, a).
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If we let

(16) 9(x,1) = (@a+|Rijul?) - [VRyul* -t on M x[0,T],
then

(17) e(x,00=0 VxeM.

From (15) we know that

99 2, a 9
E SA¢—_8_EZ_£¢ +CO(nak0,a)+ 1 OnMX[O, T],
o¢ @ x 4
18 99 ¢ -2
(18) 5 Shp+ L [1+c0(n,k0,a)T 8a2],
d¢

Sr<Mp+L@-ap) onMx(oT)

where 0 < &, ¢ < +oo depend only on r, kg, and a.
For any point xy € M, by (39), (40), and (45) of §4 we can find a
function £(x) such that
1, X € B(xy, 1),
(19) é(x)=0, x € M\B(xy,2),
0<¢éx)<1, xeM,

[VExX)E < 4%(x) Vx e M,
%aeﬂé(x) 2 _EZ(kO)gaﬁ(x)’ X € Ma

where | l% denotes the norm with respect to the metric £,5. Consider the
function ‘ ‘

(21) F(x,t)=¢(x)e(x,1), (x,1)eM x[0,T].
Then from (16), (17), and (19) it follows that

(20)

F(x,0)=0,x € M,
(22) F(x,t)=0,(x,t) € (M\B(xy,2)) x [0, T],
F(x,t)>0,(x,t)e M x[0,T].
If F(x,t) # 0, by (22) we know that there exists a point (X}, ;) € B(xg, 2) X
[0, T'] such that

(23) F(x,t) = Mlz(l[é(l)),(T]F(x, t)>0,

which together with (22) implies that
(24) t >0,
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and therefore that

(5 TT(,0)20, VF(u,n)=0, AF(n,0)<0.
Thus

0
(26) &) Zoxi, ) 2 0.

Since &€ > 0, from (18) and (26) we get
@7) g+ 226 - 029) 20 at (1)
On the other hand, by (25) we have

(28) EAQ +28°FV & - Vo + 9AE <O at (x),1y),
which together with (27) gives
(29) ét—(lp(fzfl) — &) < —28%PV,E - Vo — AL
Since VF(x,t) =0, we have

E-Vpo+9-VpE=0,

2¢

30
(30) 2PV Vo = = - gFVLE Ve at (x1,1).

Using (29) and (30) we get

. 2
(31) Ceap - ) < 2L gFVE Vst - oL,
Since F(x,t;) = ¢(x1) - p(x1, ;) > 0, from (19) it follows that
(32) é(-xl) >0, ¢(-x17tl)> 0,

and since £(x) is a function, we have

Vol =V,
(33) gFVE VpE = goF .V, & V.
Using (2) and (20) we get
(34) g V& -Vt < 16¢-E(x).

Substituting (32) and (34) into (31) we find

(35) ét—f}(ézqo — &)< 32¢c-9 — AL at (x3,1).

293
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We also have
AL = gV, V¢ = gV V¢
(36) = gV V¢ - (0, -T2V,
— A& = —g*PV, Ve + g0 (T, - T7,)- V5.
From (20) and (2) it follows respectively that
8PV, V& < 6:8°F - §ops

(37) ~g°#V, V¢ < néy -c.
Substituting (37) into (36) we get

(38) ~AE <néyc+ g (I, —T7 ) -V e,
Since

1 085 L 08ps  08ap
y _ 1
Tap= 38" (axﬂ T oxa ~ Bxd

1 a8 08ss (98

Yy 1,0 ad B _ B
azraﬂ 28 [V/’(az)+v (az)*v"(az ‘
Using (1) we have

(39) atr,);ﬂ 8°(VsRap — VaRps — Vg Ros)
We still have
(40) IVRyj|* < n?|VR;jul?.
From (14) and (16) it follows that
|VRuk1' < p/(at),

which together with (40) gives

R
(41) |VR,']‘| < Zz—t(p.
Using (39) and (41) we know that
d
(42) lal‘(’l < 3|VR;| < \/_(p

From (23) we have
f(xl)(p(xl,t)zF(xl,t)SF(xl,ll), ZG[O,T],

(43) o(x, 1) < TL1)

Sy (T
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which together with (42) yields

o F(x, )\ 1
a—l"y (x1, )l §3n( e ) - —, te[0,T].

(44)

t
Thus

r‘(};ﬁ('xlstl)—f;zﬂ('xl)=ryﬁ(xlytl)_FZﬂ(xlsO)
=/ _r S(x1,0d1,

0

xl,t)‘ -dt

11 a
Iraﬁ(xlstl)_ x,)l</0 ET] 7 4(

- dt

(x1,8)

at Les
F(Xl,tl) 12 Tdt
53"( ) [ 7

(4s) < 6n (%)1/2. (Fé’(‘;’lgl))l/z.

From (20) we know that

(46) V& @xn)lo < 48(x1) /2.
Using (45), (46) and (2) we get

L To\ 12
@n ety -y Te s () Founy

By means of (38) and (47) we find
(48) —MSI’I&3-C+C~’4F(X1,t1)1/2 at (xy, 1),

where &, = 24n*(Tc/a)'/.
Using (32), (35) and (48) we get

Ep(Er9 — 61) < (32¢ + nésc)ty @ + Gt o F (x1,1)'?  at (x1,1;)
<(32c+né3c) T 9+é-T-9F(x, )2,
Ep(érp — &1) < Esp + & F (x1,11)/?  at (x,1).
y (32) we have
&H(Ep)? - 5‘152(/) < 8sEp + ko - F(x,1)'? at (x1,1).
But g = F(xy,11), s
&F (x1,11)? < (€1E(x)) + &) F (x1, 1) + E6F (x1,21)%/2.
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Since 0 < &(x1) <1,
(49) EF (x1,0)? < & F (x1, 1) + & F (x1,4)%/2,

where 0 < &3, &4, &, g, {7 < +o00 are constants depending only on n, kg,
and a. '
Since & > 0, from (49) it follows that

(50) F(x1,41) < &5(n, ko, a),
which together with (23) gives
F(x,t) <é(n,kg,a) on M x[0,T],
E(x)o(x, 1) < &g(n, ko,a) on M x [0, T).
Using (19) we get
o(x;t) < &(n,ky,a) on B(xp, 1) x [0, T].
Since xp € M is arbitrary,
(51) p(x,t) < &(n,ky,a)- on M x [0, T].
From (16) and (51) it follows that
alVRju >t <& on M x[0,T),
|VRjui* < &9/t on M x[0,T],

where 0 < & < +o0o depends only on #n, kg, and a. By (13) we know that
a depends only on n and kg, and therefore é& depends only on n and k.
Hence the lemma is true in the case m = 1.

By induction, suppose for s = 1,2,... ,m — 1 we have

(53) [V*Ryjiil < c5(n, ko)/t* on M x [0, T].

(52)

In the case s = m > 2, we define a function
(54) () =(a+ "V R P) - IV R P

and choose a large enough. Then similarly to (18) we have
o

(55) 57 <Ay + ¥ (@0~ 2ny) on Mx[0,7)

where 0 < ¢ég, ¢11 < +o0o depend only on »n, m, and k.

Let A, denote the Laplacian operator of the metric g;;(x, f). Then using
(53) and reasoning similar to (48) we can show that

(56) —Ag(x) < Epp(n, ko) V(x,t) € M x[0,T],
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where &(x) is the function defined by (19) and (20). Thus similar to (51)
from (55) and (56) it follows that

(57) w(x,1) < ¢i3(n,m, ko) on M x[0,T],
which together with (54) implies
(58) IV Ryjuil* < cm(n, ko)/t™ on M x [0, T].

This completes the proof of Lemma 7.1, and hence Theorem 1.1 is true.

8. Remark

In this section we want to generalize Theorem 1.2. In Theorem 1.2 we
proved that if (M,ds?) is a complete noncompact Riemannian manifold
with bounded curvature tensor, then one can find a metric d§? on M,
which is equivalent to ds? and has bounded curvature tensor and all of
the covariant derivatives. Now we want to. prove that if the curvature of
ds? is not bounded but satisfies some growth condition, we can still get
some kind of estimate for the covariant derivative of the curvature of d§2.

Suppose (M, ds?) is an n-dimensional complete noncompact Rieman-
nian manifold with metric

(1) ds® = gij(x)dx‘dx’ > 0,
and satisfies the curvature growth condition
(2) [Rijkr(x)] < Boll + y(x, x0)]1* Vx €M,

where xo € M is a fixed point, y(x, xp) denotes the distance between xg
and x, and By > 0, a > 1 are some constants.
Define a function ¢ on M as follows:

(3) p(x) =[1+y(x,x0)1**,  xeM.

Using curvature condition (2) and the comparison theorem in Riemannian
geometry we know that at the smooth points of y(x, xy) one has
|V}'(X,XO)| <1,
B
(X, Xo)
thus at the smooth points of ¢(x) we have

[Vip(x)] < Ball + 7(x, x0)1°7",
(5) IViVi0(x)] < Ball + y(x,x0)*/2"! Vx e M.

(4) ViV y(x, xo0)| < + Bill + 7(x, x0)]*/%;
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Since ¢(x) may not be smooth on the whole manifold M, we are going
to use the mollifier technique to smooth ¢ on M. Suppose {6,(x)} for
k=1,2,3,... is a partition of unity on M:

O G»Coo(M),
0<O(x)<1 VxeM,
(6) 0, (x)=0 if y(x,x0) > 28 + 3

or y(x,x0) < 2k-1 -3,
Zek(x) =1 VxeM.
k=1

Then we have

p(x)= Y G (x)o(x),

k=1
0 suen(00) € B (x0,2+ 3 )\B (x0.27 - ).

Since the support of function ;¢ is contained in a compact subset of M
and the injectivity radius of M in that compact subset is bounded away
from zero, using the mollifier technique we can find a function gy € ¢ (M)
such that

supp Wi C B(xo, 2% + 2)\B(xp, 2871 - 2), k=1,23,...,

lwi — ol < (4),
k
(8) IViwi — 0c0)| < (3), k=1,2,3,...,
k
IV, Vi(we — 0kp)) < (1)
Define

) V) =3 wlx), xeM.
k=1

Then we have

y(x) € c™ (M),

21+ 70, x0)1* < w(x) < 41 + p(x, x0)1%
[V (x)] < Ball + 7(x,%0)1%7",

[ViVijw(x)] < Bs[1 + 7(x, x0)P*/*~! ¥x e M.
Now define a new metric d§2 on M:

(11) d3? = y(x)ds® = g;j(x)dx‘dx/,

(10)
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where
(12) 8ij(x) = w(x)gij(x).
Then the curvature tensor of d§? is
(13)
) { .
Rijki = WRijiy + 5 (8 ViViy — gy ViViy — g ViViv + 8uV;iViy)

2
+ %(&'kvﬂlf Viy - g Viv -Viy
+ &iiViv - Viw — 8V v - Viy)
+ ﬁ(g,-kgu — Lik &8 Vpy - Vay.
Using (12) and (13) one gets

5 Bs Be 2, Be
(14) Ryl < 7|Rijk1| + ﬁlvi'ﬂ + WW:'VJ'//L_
where V denotes the covariant derivative with respect to ds?. From (2)
and (10) it follows that

(15) sup Ijéijkl(x)l < B7 < +oo.
xeM

Thus by Theorem 1.2 we know that there exist a constant fg > 0 and a
metric d§2 on M,

(16) ds? = g;j(x)dx'dx’) >0,
j

such that
1. . N
'B_sgij(x) < &ij(x) < Bsgij(x), xXEM,

(17) sup |[V¥Rm(x)| < ¢x < 400, k=0,1,2,3,...,
xXeM

where Rm denotes the curvature tensor of 8ij ¥ the covariant derivatives
with respect to &;;, and V¥ the kth order covariant derivatives.
Now we define the metric

(18) ds? = gl(x)ydx'dx), = g(x)=—=8&j(x), xeM,
From (12), (17), and (18) one has

(19) %gij(x) < 8i5(x) < Bsgij(x),
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where Rm* denotes the curvature tensor of ds2. Using the same reasoning
as in (14) we get

(20) IRm*| < Boy|Rmm| + %WP T Bl

If we differentiate both sides of (13), similar to (14) we get the estimate
for the covariant derivatives:" '

. o 1 -
V"R’ < fro (VR + DY PIRS + 5 T’
1)

1 & PPN e -
MY IVy| - ViVul + w2V V9, V/l) :
From (10) and (12) it follows that

(22) Vi (x)] = —}glvfw(xn < Bull +y(x, xo)I*>,

where ¥ is the covariant derivative with respect to d§2. Using (17) and
(22) we get -
(23) Viw ()l < Biall + p(x, %0)1%7",

If the second and the third order covariant derivatives of y with respect
to d§? are not well controlled, we can use the heat equation

(24) Dy =Butnn, 0=y,

to deform w(x) for a small time interval [0,J]. Using the estimate argu-
ments derived in the previous sections we can control the second and the
third order covariant derivatives of y(x,t), and w(x,¢) still has growth
order [1 + y(x, x0)]*. Thus without loss of generality we can assume that
1+ p(x, x0)] < w(x) < 811+ 7(x, %0)]"

[Viw(x)| < Bi3[1 + y(x, x0)]%

ViV p(x)| < Bisll + y(x, x0)]%

ViV iV w(x)] <Biall + y(x, x0)]*-

Of course here we have to use (17), and the fact that all of the covariant
derivatives for the curvature of d§? are bounded on M. Substituting (25)
into (20) and (21) and using (17) again we find

IRm*(x)] < Buall + 7(x, x0)]*,

[V*Rm*(x)] < Bis[1 + y(x, %)%, xeM.

From (19) and (26) we get the following theorem.

(25)

(26)
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Theorem 8.1. Suppose M is an n-dimensional complete noncompact

Riemannian manifold with metric

ds? = gij(x)dx'dx’ > 0,
and satisfies the curvature growth condition

Rm(x)| < Boll + y(x,x%0)I*, x€M.

Then there exists another metric

ds? = gli(x)dx'dx/ >0
on M such that

52 (%) < 805) < Bagis(0),

(27) IRm"(x)| < Biall + 7(x, x0)]°, X €M,
|V*Rm"(x)| < Bis[1 + p(x, x0)P**/2,

where 0 < Bg, B14, B15 < +oo are some constants depending only on n, o,
and [30.

Similarly one can get a control for the higher order covariant deriva-
tives of Rm*(x). Furthermore, if the growth of Rm(x) is larger than
[1 + y(x,Xx0)]%, then one can still get similar results.
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